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ABSTRACT
The response of a pile to lateral loads and bending moments is a typical example of the 
soil-structnre interaction system. The non-linear analysis of the pile-soil system can be 
conducted when the soil adjacent to the pile structure is described by means of p-y 
relationship. The sensitivity analysis is concerned with the relationship between change 
of physical parameters that define the system and the variation of system performance 
characterized by a response functional. In practice, most frequently the gradient of the 
response functional due to the changes of the parameters of the system is sought. The 
reason for interest in sensitivity analysis results from a broad range of applications of 
sensitivity operators.
The laterally loaded piles are commonly designed using the p-y method that is able to 
respond in a complex way to the load applied. The p-y relationships are well established 
and are widely used all over the world.
In this research, pile with variable constraint (limit) head conditions is embedded in sand 
located below water table. The pile is subjected to horizontal force or moment of discrete 
variability. The cyclicity of the loading is considered in implicit fashion. For arbitrary 
depth, the p-y sand model described by Reese et al. (1974) is capable of developing four 
physical phases, that is: a linear elastic stage is followed by a non-linear parabolic 
relationship which is then transferred to a bilinear relationship in order to end up in 
plastic flow.
The stiffness of the pile and the parameters of soil used for the description of p-y 
relationships of sand below water table are considered as the design variables of 
continuous type that are space dependent. The behavior of the pile subjected to lateral 
loading is strongly dependent on the magnitude of the lateral deformation resulting from 
the application of load that is particularly important from the point of view of the 
serviceability state design criterion. Therefore, it is critical to assess the sensitivity of the
IV
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kinematic performance of laterally loaded piles penetrating complex non-linear 
homogeneous soil medium.
The performance functional that describes the maximum generalized deformations of a 
pile-soil system is formulated with the aid of a non-linear primary system. The first 
variation of the performance functional is obtained by means of a non-linear adjoint 
structure, which is incorporated in variational approach of the theoretical formulation.
The broad range of non-linear behavior of a pile-soil system is investigated by 
application of variable loading of discrete type. The quantitative assessment of sensitivity 
of generalized deformations due to variations of the continuously distributed design 
variables for a single pile as well as pile group is conducted for each discrete loading.
The sensitivity results in the form of sensitivity operators that affect the changes of the 
maximum generalized deformation of the pile-soil system caused by the changes of the 
variations of continuous design variables are discussed in detail. The quantitative 
assessment which physically represents the integration of each sensitivity integrand along 
the length of pile allows to defme the total effect of sensitivity operator associated with 
every design variable on the change of the performance of the pile-soil system is also 
discussed in detail. The significance of each design variable on the sensitivity of 
deformation of pile-soil system is incorporated in discussion.
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NOMENCLATURE
Ay Pile head restraint constant for lateral force loading
b Width of the pile.
By File head restraint constant for bending moment loading
Total quantitative assessment of sensitivity of the maximum lateral deflection
under lateral force for all design variable 
D Diameter of pile.
E Modulus of elasticity of the pile material
El Bending stiffoess of the pile
F Lateral force applied on single pile head
Eg Lateral force applied on pile group
fm p-multiplier factor for pile group
Fy Yield strength of steel
He Characteristic shear load
Ht Lateral force load applied at the top of the pile
I Moment of inertia of pile
K Modulus of subgrade reaction of the soil
Ka Coefficient of lateral earth pressure of Rankine type
m Exponent used in definition of characteristic load and moment
M Bending moment applied on pile head
Me Characteristic bending moment load
M q  Bending moment applied on pile group
Mr Resisting moment of the pile
Mt Bending moment load applied at the top of the pile
n Exponent used in definition of characteristic load and moment
p Soil resistance
F Sensitivity integrand in generalized form
F(*L) Sensitivity integrand of top lateral deflection under lateral force for any design
variable
XXIV
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Sensitivity integrand of top angle of flexural rotation under lateral force for any 
design variable
Sensitivity integrand of top lateral deflection under bending moment for any
design variable
P(««) Sensitivity integrand of top angle of flexural rotation under bending moment for
any design variable 
pc Ultimate soil resistance at any depth x
Pg Soil resistance for group pile
ps Soil resistance for single pile
pu Ultimate soil resistance at specific depth
R Relative sensitivity factor in generalized form
R(**») Relative sensitivity factor of top lateral deflection under lateral force for any 
design variable
Relative sensitivity factor of top angle of flexural rotation under lateral force for 
any design variable
R^**) Relative sensitivity factor of top lateral deflection under bending moment for any 
design variable
R^r*) Relative sensitivity factor of top angle of flexural rotation under bending moment
for any design variable 
Ri Moment of inertia ratio
T Relative stiffiiess factor
u Maximum generalized lateral deformations
W Quantitative assessment of sensitivity integrand in generalized form
Quantitative assessment of sensitivity integrand of top lateral deflection under 
lateral force for any design variable
Quantitative assessment of sensitivity integrand of top angle of flexural rotation 
under lateral force for any design variable
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Quantitative assessment of sensitivity integrand of top lateral deflection under 
bending moment for any design variable
Quantitative assessment of sensitivity integrand of top angle of flexural rotation
under bending moment for any design variable 
X Depth of pile from ground surface
Xr Depth where the transition occurs in the distribution of the ultimate soil resistance
y Lateral deflection of pile
yt Lateral deflection at the top of the pile
z Design variable vector
Z Plastic section modulus of pile section
8 yt First variation of top lateral deflection
80t First variation of top angle of flexural rotation
8 5 0  Strain at which 50% of soil strength is mobilized
(j) Angle of the internal friction of sand
Y' Submerged unit weight of soil
Ys The saturated unit weight of soil
Yw The unit weight of water
X Constant that describes type of p-y curve
Xc Characteristic length of pile (cyclic)
Xs Characteristic length of pile (static)
0 Angle of flexural rotation
0t Angle of flexural rotation at top of pile
c>H Horizontal soil pressure
OTp Representative passive pressure of soil
CTv Vertical soil pressure
cji Major principal stress of soil
0 3  Minor principal stress of soil
1 The generalized unit load that corresponds to the type of deformation component
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The objectives of this research are to analyze the performance of the determined structure 
responses (the maximum horizontal displacement and angle of flexural rotation at top of 
pile) of the laterally loaded pile subjected to variable cyclic lateral forces or bending 
moments applied in discrete fashion due to the changes of bending stiffiiess of pile and 
soil parameters based on sensitivity theory. The purpose of this research is also to 
quantitatively assess the impact of each change of these design variables on the change of 
maximum deformations and angle of flexural rotations.
1.2 Scope
The effects of cyclic lateral load on piles are important to analyze due to the occurrence 
of this load in nature. Wind, waves, centripetal force from vehicle traffic on curved 
highway bridges, lateral seismic forces from earthquakes, earth pressures and water 
pressures may be treated as cyclic lateral loads applied to pile structures.
Substantial amount of research work has been done to understand the response of pile- 
soil system under lateral load. There are several methods to describe the pile-soil 
response. The soil reaction-deflection (p-y) method is the popular one and several 
computer programs are available on this model.
Maintenance services, future rehabilitations, renovations, and replacement activities in 
overall planning and costing should be considered in design process of laterally loaded 
pile. The key factors that cause deterioration of the structure are load, material 
degradation, environment, construction quality and other mechanisms. The primary 
factors in most deteriorations of deformation type are load and material aging. So, it is 
essential to develop a method that furnishes a theoretical basis for assessment of
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maximum deformations expressed in terms of possible changes of material properties in 
and around a pile.
Hollow circular cross section steel pile is used in this analysis. The steel piles having 
grade CSA-G40.21 3SOW, HSS 406x13 Class C; CSA-G40.20 Standard are embedded in 
sand located below the water table. The design variables used in this analysis are bending 
stiffiiess of pile (El), width of pile (b), submerged unit weight of soil ('/), angle of 
internal friction of sand ((j)}, coefficient of lateral earth pressure of Rankine type (Ka) and 
modulus of subgrade reaction (k). The sensitivity performances used in this analysis are 
the top lateral displacements and the top angle of flexural rotations, which are important 
issues for the consideration of upper structure behaviour. Single isolated piles and pile 
groups are analyzed in this research. Boundary condition at pile head is either free or 
fixed. Long and short piles are included in the investigation of sensitivity of single 
isolated piles but only long piles are considered in the investigation of sensitivity of 
group piles (since it is common to install a group of long piles in the field). The short 
single isolated pile set consists of 2T, 3T, 4T and 4.5T while the long single isolated pile 
set consists of 5T, 6 T, 7T, 8 T, 9T and lOT, where T is the relative stiffness factor of the 
pile. The pile groups used in this research have spacing 2D, 3D, 4D and 5D, where D is 
the diameter of the pile. The investigated pile is subjected to lateral force or bending 
moment of discrete variability that is applied at top of the pile.
1,3 Definition of the problem
It is interesting to note that a lot of ingenuity and scientific effort was dedicated on 
ceaseless desire to improve the performance of the pile-soil system to achieve a more 
adequate model that is capable to be as close as possible to a perfect representation of the 
real pile-soil system. At the same time little attention is paid to explore other avenues in 
the analysis of laterally loaded piles that are of substantial importance and badly needed. 
The following arguments are employed in support of the need for new type of 
investigations of laterally loaded piles:
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1. Laterally loaded piles as a part of infrastructure systems are used to be designed 
for 50-80 years span of service life, depending on the type of a structure.
2. The laterally loaded piles are subjected to variable loads of larger quantity than 
they have been designed due to continuous changing of environment across 50-80 
years of service life. Moreover, the frequencies of the larger loads (for bridges, 
viaducts, retaining walls, offshore structures etc.) applied to these substructures 
are also larger than originally considered.
3. The abovementioned effects produce faster usage and deterioration that result in 
faster developed aging process.
4. The increasing load and frequency of usage should be taken into account at the 
design stage as well as during operation, rehabilitation and renovations.
5. So, it is important to identify how to assess the system in the course of the life- 
service as far as the deterioration and aging process are concerned and how and 
where the process of improvement, renovation and rehabilitation should be 
conducted.
By conducting the sensitivity analysis of distributed parameter, it is possible to address 
out all these afore-said concerns. The justification is based on the following grounds:
1. The sensitivity analysis of distributed parameters is conducted for the designed 
system for which the theoretical model of the behavior of the system is already
known.
2. The sensitivity analysis is conducted with respect to those parameters of the 
system that actually contribute to the performance of already existing structure.
3. The analysis can be led with respect to the design load applied and it can be 
extended to arbitrary value of increased load that can be required in the course of 
the service life.
4. The sensitivity analysis of distributed parameters conducted in the framework of 
variational calculus, by its nature can indicate those spatial places of the system 
where given parameters are exposed to most dramatic changes as well as where 
they are most vulnerable to deteriorations.
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5. It is worth adding that for non-linear systems such as the laterally loaded p-y 
piles, a change of load (in particular, increase of load) affects the sensitivity 
integrands of performance in numerical terms as well as their spatial locations. 
This knowledge the sensitivity analysis provides is of considerable importance as 
far as the improvement or rehabilitation actions, which should be under taken.
6 . The experience gained on sensitivity analysis supported by considerable amount 
of outcomes leads to the conclusion that the results of sensitivity analysis of 
distributed parameters of laterally loaded p-y piles cannot be determined 
intuitively. Therefore, sensitivity analysis of laterally loaded p-y piles requires to 
be conducted for entire spectrum of variables with load being included.
The objective of this thesis is three-fold which is focused on the following:
1. To develop the theoretical formulation of sensitivity analysis of distributed 
parameters of laterally loaded pile embedded in p-y sand located below water 
table subjected to cyclic load.
2. To conduct the numerical investigations of maximum generalized performance of 
laterally loaded piles subjected to horizontal force and bending moment of 
discrete variability affected by the variations of the design variables of the system.
3. To assess the sensitivity performance of maximum generalized deflection caused 
by the changes of the design variables for the discrete values of the load applied.
1.4 Organization of the thesis
This thesis consists of nine chapters. Chapter I introduces the objective, the scope, the 
definition of the problem and the organization of the chapters in this thesis.
Literature review is presented in Chapter II making reviewing the research on laterally 
loaded pile performance and previous sensitivity research as well. This chapter provides 
the history of development of theory for soil-pile model under lateral loading.
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The soil-pile interaction model is discussed in Chapter III for single isolated pile. The 
pile-soil-pile interaction model for pile groups is discussed as well. These soil-pile and 
pile-soil-pile interaction problems under lateral loading are investigated by means of the 
p-y curve proposed by Reese, Cox and Koop (1974).
Chapter IV contains the derivations of formulas for sensitivity of horizontal deflection 
and angle of flexural rotation at top of pile due to the changes of design variables cited in 
the scope of this thesis. The assessments of the sensitivity integrands are also formulated 
in this chapter.
Chapter V presents the sensitivity numerical investigation on single isolated piles and pile 
groups as well.
Chapter VI presents the sensitivity analysis of single and group piles including the 
descriptions of primary and adjoint structural system used in sensitivity analysis. The 
application of the adjoint structure in the sensitivity formulation is also discussed in 
detail.
Chapter VII contains the verification of the results and correlation of the results.
In Chapter VTII discussions are presented based on the observation of the sensitivity 
results.
In Chapter IX conclusions are presented based on the discussions.
Appendices show some of the results of this research that consist of the distributions of 
sensitivity integrands, assessment of sensitivity and relative sensitivity factors for several 
cases.
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CHAPTER II
LITERATURE REVIEW
2.1 Laterally loaded piles
2.1.1 Genera!
Before 1850s, engineers designed a foundation based on experience, intuition and 
common sense. Later the discipline of foundation engineering began to be developed for 
shallow foundations and deep foundations as well. At the beginning of the mid nineteenth 
century, engineers designed a pile foundation to resist only axial load from the supporting 
column of upper structures. After some period of time, there were many cases, involving 
important structures like offshore structures, dams etc., in which lateral force was 
considered so that laterally loaded pile became an important subject in civil engineering 
especially in foundation engineering. Some of the cases in which lateral load should be 
considered are:
1. Bridges that resist lateral loads from vehicle acceleration, braking forces and 
seismic load.
2. Offshore structures resisting the lateral load from the wave and seismic load.
3. Retaining walls and dams that resist lateral loads from earth and water pressure.
4. Buildings, especially high-rise under wind load and seismic load.
After intensive research and field experiments, many theories and experimental methods 
are proposed to analyze pile structures resisting lateral loads. The main problem of a 
laterally loaded deep foundation is developing the interaction between soil and structure. 
The interaction between soil and pile has been thoroughly studied by researchers through 
soil mechanics theory as well as experiments. The development of the interaction theories 
and models is briefly described in the next section.
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2.1,2 Pile-soil interaction theory and model for single pile
Determination of the models used in analysis of laterally loaded piles is signifieant in the 
accuracy of the results of the analysis. There are some models for use in analysis of 
laterally loaded single piles defmed by Reese and Van Impe (2001). They are the 
following:
Elastic pile and elastic soil model
In elastic pile and elastic soil model, pile is embedded in an elastic soil. In this model, 
Terzaghi (1955) suggested values of the so-called subgrade modulus that can be used to 
solve for deflection and bending moment, however values of subgrade modulus could not 
be used for lateral loads larger than the one that resulted in a soil resistance of one-half of 
the bearing capacity of the soil. The standard beam equation, such as the one suggested 
by Hetenyi (1946) can be applied in this model. This model has been widely used, but 
there is no recommendation for the computation of the bearing capacity under lateral load 
nor the comparison between the results of this method and experiments. Solutions have 
been presented for a variety of cases of loading of single piles and for the interaction of 
piles with close spacings by Poulos and his colleagues (Poulos and Davis 1980, Poulos 
and Hull 1989) using the elastic model. Even though the solutions have got considerable 
attention, they cannot be directly used to compute the larger deformation or collapse of 
the pile in non-linear soil (Reese and Van Impe 2001).
Elastic pile and finite elements for soil model
Elastic pile and finite elements for soil model is similar to the previous case except that 
the soil is modeled by finite elements. This model is ideal to analyze laterally loaded pile, 
because it can be used for various kinds of elements and loads, whether linear and three 
dimensional or non-linear. Some problems in using this model are: the selection of the 
basic non-linear element of soil, coding to disregarding tensile stresses, modeling layered 
soils, accounting for the separation between pile and soil during cyclic loading, coding
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for the collapse of sand against the back of a pile and accounting for the changes in soil 
characteristics associated with the various types of loading (Reese and Van Impe 2001). 
At present all of these problems have no satisfactory solution. Some researchers have 
performed some analysis using this model. Brown and Shie (1991), Kooijman (1989) 
developed p-y (soil-pile response) curves using 3D finite element models but no 
proposals have been made for a practical method of design (Reese and Van Impe 2001),
Rigid pile and plastic soil model
Broms (1964a, b, 1965) used the rigid pile and plastic soil model to predict the loading 
that produces ultimate bending moment. The pile is assumed to be rigid and a solution is 
found by use of the equations of statics for the distribution of ultimate resistance of the 
soil that puts the pile in equilibrium. After ultimate loading is found for particular 
dimension of pile, the deflection under working load may be computed by using the 
elastic pile and elastic soil model. This method can be used for cohesive and cohesionless 
soils as well as for long and short piles. There are several simplified assumptions in this 
method but it is very useful for preliminary design of laterally loaded pile. Another 
advantage of this method is the mechanics of the problem of lateral loading that can be 
seen clearly. This method can be used as a check of the result of p-y method of analysis 
(Reese and Van Impe 2001), where p represents soil reaction and y stands for lateral 
displacement at an arbitrary depth of pile.
Characteristic load model
The characteristic load model was developed by Duncan (1994), following the earlier 
work of Evans and Duncan (1982). By using non-linear p-y curves, a series of solutions 
were made for various kinds of soil and pile-head conditions. The results were analyzed 
in order to obtain simple equations that could be used for rapid prediction of the response 
of piles under lateral loading in this model. Dimensionless variables were employed in 
the prediction equations. This model can be used to solve for ground-line deflections due 
to lateral load for free head, fixed head and partially embedded conditions; ground-line
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deflections due to moments applied at the ground line; maximum moments for the three 
conditions (free head, fixed head and partially embedded) and the location of the 
maximum bending moment along the pile. The soil may be either clay or sand, both 
limited to homogeneous uniform strength with depth.
Non-linear pile and p-y model for soil
The criticism raised against the p-y method (p represents soil reaction and y stands for 
lateral displacement at an arbitrary depth of pile) is that the soil is not considered as a 
continuum but as a series of discrete, uncoupled resistance (the Winkler approach). The 
recommendations for the prediction of p-y curves for use in the analysis of piles are 
based in the most part on the results of full-scale experiments in which the continuum 
effect was explicitly satisfied (Reese and Van Impe 2001). Matlock (1970) performed 
tests of a pile where the pattern of pile deflection was varied along the length of the pile 
by restraining the pile head in one test and allowing it to rotate in another test. The p-y 
curves that were derived from each of the loading conditions were essentially the same.
The concept of the p-y curves was first developed by Reese and Matlock (1956) and 
McClelland and Focht (1958). In p-y curve, p represents soil reaction and y stands for 
lateral displacement at an arbitrary depth. Matlock and Reese (1960) proposed the 
solution of the problem of laterally loaded pile with the consideration of the non-linear 
force-deformation characteristics of the soil (shown in Fig. 2.1). They focused on the soil 
modulus in order to develop the solution that the soil modulus increases with depth for 
soils. They used the rigid-pile theory and elastic-pile theory to develop basic equations 
and methods of computation for short pile and long pile respectively. The finite 
difference model uses beam theory to represent the pile and uncoupled, non-linear load 
transfer functions, called p-y curves, to represent the soil. This model makes possible 
relatively simple and straightforward computations of pile-head flexibility and of stresses 
along the pile. Rules and recommendations for the use of the p-y method were presented 
by the American Petroleum Institute (1987) and Det Norske Veritas (1977).





Figure 2.1 Model of a pile-soil system under lateral load with p-y concept.
There are four semi-empirical procedures for construction of p-y curves in cohesionless 
soils (Murchison and O’Neill 1984):
First method for sand was introduced by Reese, Cox and Koop (1974). In this method, p- 
y curves are constructed for desired depths. Each curve consists of three segments: two 
straight lines with a parabola in between the lines. The ultimate soil resistance p„ is 
determined from the value given by prescribed equations, modified by an empirical 
adjustment parameter, which differs for cyclic and static loading and varies with pile 
diameter and depth. The value of soil resistance at beginning of second linear segment of 
curve Pm is a certain percentage (determined from empirical charts) of Pu, while the 
values for ym and yu are ratios of the pile diameter. The point (y ,̂ pk) is determined from 
an empirical relationship involving ym, yu, Pm and pu.
Second method, a modification of the first method, was introduced by Bogard and 
Matlock (1980). In this method some terms in the formulation of pu can be taken as 
constants with little error in order to simplify the first method. The p-y curves otherwise 
are the same as for first method. This method is probably the quickest of the four 
methods to use manually (Murchison and O’Neill 1984).
10
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Third method was interpreted from research performed by Scott (1980). It differs from 
the previous criteria in at least two important aspects. First, the p-y curve is idealized by 
two straight-line segments, which simplifies the calculations involved. The initial 
segment of the curve is similar to the other methods, because a subgrade modulus, k, 
times the depth, x, defines the slope. The other segment is empirically assigned a slope of 
kx/4, which highlights the second important difference from the other methods. Because 
the upper segment has a constant non-zero slope, the method assumes that as deflection 
increases, the soil resistance increases linearly with no limit. The ultimate soil resistance 
concept is therefore not applied. But at the present time, there is no specific 
recommendation for the extension of this method to cyclic loading conditions.
Fourth method was originally formulated by Parker (1970) and reformed by Murchison 
and O’Neill (1984). The continuous hyperbolic tangent function was used to describe the 
p-y curves. Shape factor was introduced to describe the pile shape. The p-y curve in this 
method is a single analytical function.
Among described above four methods for construction of p-y curves in cohesionless 
soils, first method proposed by Reese et al. (1974) is used in the present research because 
of its reliability, consistency and availability of full-programmed analysis for cyclic 
lateral loading.
2.1.3 Pile-soil-pile interaction theory and model for pile groups
O’Neill (1983) classified pile group into two types: (1) group of widely spaced piles, 
where the deflection of one pile in the group does not affect the other piles, because there 
is enough space between the pile members, so that piles interact only through the pile cap 
(2 ) group of closely spaced piles, where the response of one pile affects the nearby piles, 
because there is pile-soil-pile interaction.
There are several methods of analysis of pile-soil-pile interaction in the behaviour of pile 
groups (Dunnavant and O’Neill 1986, Davisson 1970): (1) continuum methods, (2) the
11
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Winkler interaction model, (3) the modified unit load transfer method, (4) the empirical 
stiffness distribution model, (5) the group reduction factor method, (6 ) the hybrid model, 
(7) the group amplifieation procedure, (8 ) strain wedge model, (9) p-multiplier concept. 
Every method will be discussed in the following section.
Continuum methods
One of the continuum methods is presented by Poulos (1971). The method was developed 
to predict the pile-head response at the surface support. The variations of deflection and 
bending moment along the length of the piles are not taking into account. This method 
uses Mindlin’s three dimensional elasticity equations to calculate the stresses and 
displacements due to horizontal point loads applied in an elastic half space. Soil is 
assumed being elastic and the effect of the pile to other pile is taken into account by using 
linear elastic theory. The methods can be used if the piles have constant cross sections 
and the pile head restraints have to be only either fully-fixed or fully-ffee. The other 
difficulty of this approach is the determination of the soil modulus between two piles.
Numerically, the continuum methods are tackled by the boundary element method 
(Banerjee and Davis 1988) and the finite element method. Shibata et al. (1988) did 3D 
finite element analysis for group piles. This method can incorporate non-linear soil 
behaviour and accoimt the stiffness of the soil and piles separately and precisely. 
Complexity is the disadvantage of this method.
Winkler interaction method
Nogami and Paulson (1985) and Hariharan and Kumarasamy (1982) presented a network 
of springs to represent the pile-soil-pile reaction. This method only considers the pile- 
soil-pile interaction in horizontal direction.
12
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Modified unit load transfer method
The modified unit transfer load method (Bogard and Matlock 1983) developed p-y curves 
for a group of piles from a single pile. The modified single pile has diameter that is the 
same as the width of the pile group. This width is equal to the width of the piles and the 
soils in between the piles. This procedure is used for circular pile embedded in soft clay 
with the assumption that the distribution of the lateral resistance is equal among the piles.
Empirical stiffness model
This method developed by Durmavant and O’Neill (1986) considers the effect of 
“shadowing” that is the effect that piles in the leading row are more heavily loaded than 
trailing row. This method depends on the proper selection of the soil elastic modulus. 
This method is the most reliable method to determine the load distribution among the 
piles in the group (Ooi and Duncan 1994).
Group reduction factor method
The lateral load behaviour of the pile group is determined by a single pile analysis with 
the reduced modulus in this method. Based on the model tests of pile groups in sands by 
Prakash (1962), Davisson (1970) concluded that there was no pile-soil-pile interaction 
when the space is more than eight diameters of the piles. Davisson (1970) proposed that 
for group of piles with the spacing equal to two diameters, the subgrade reactions are 
equal to 75% of those of single pile. When spacing is equal to 3 to 8  diameters, the 
reduction factor can be linearly interpolated.
Hybrid model
The procedure is based on the concept that the deflection of a group of piles consists of 
the results of two mechanisms: ( 1 ) a mechanism due to non-linear soil behaviour 
occurring close to the individual piles, (2 ) a mechanism due to pile-soil-pile interaction
13
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through the less highly stressed soil further from the piles. Focht and Koch (1973) 
proposed hybrid model that combined Poulos (1971) elastic continuum model and non­
linear p-y analysis. The estimation of deflections and bending moments in pile groups can 
be obtained with this method.
Group amplification procedure
Group amplification procedure (Ooi and Duncan 1994) is based on the Focht and Koch 
(1973) procedure. The deflections and bending moments of pile groups will be greater 
than those of single piles, so that this procedure tried to determine amplification factors 
for deflection and moment. The values of amplification factor depend on the soil type, 
diameter of single pile, spacing of piles, passive earth pressure coefficient, angle of 
internal friction for sand and undrained shear strength for clay. This procedure has the 
following limitations: ( 1 ) it can be used for rectangular (not circular) group with uniform 
or non-uniform spacing, (2) it can be applied only for vertical pile, not the batter piles, (3) 
it cannot determine the distribution of load, (4) the arrangement of piles in a group is not 
taken into account, (5) it is applied for long pile and embedded in a uniform, homogenous 
soil. It has been found that there is a good agreement between the results of this method 
and field load test results (Ooi and Duncan 1994).
Strain wedge (SW) model
The strain wedge (SW) model has the capability of assessing the response of a laterally 
loaded pile group (Ashour et al. 2004). The SW model characterizes the interaction 
among the piles in the group based on the envisioned three-dimensional interaction of the 
associated developing passive wedges, in order to then calculate the associated variation 
in modulus of subgrade reaction for each pile in the group. Thereafter, each pile in the 
group is analyzed individually by beam on elastic foundation analysis procedure. This 
approach allows the calculation of the amount of interaction among the piles in the group 
according to soil and pile properties and the level of loading. The approach presented
14
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shows the capability of analyzing the behaviour of a pile group in layered and uniform 
soil (sand and/or clay).
Pile group analysis using p-multipliers
The most commonly used numerical method of the laterally loaded pile analysis is the 
application of finite difference or finite element method to solve the beam equation and 
the soil is modeled as non-linear soil-response (p-y) curves. The deflections of pile in a 
group are greater that those of single isolated pile, if they are subjected to the same load. 
Piles in different rows share different fraction of load applied in the group. The loss of 
efficiency of the piles in the group was related principally to “shadowing” (i.e. the loss of 
soil resistance of piles in the trailing rows) (Brown et al. 1988). This fact indicates that 
the p-y curves of the soil should be modified when it is used for the analysis of the piles 
in a group.
Brown et al. (1988) proposed the p-y multiplier concept. This concept as shown in Fig.
2.2 introduced the using of p-multiplier (fm) to indicate the loss of soil resistance. The 
value modifies the single pile p-y curve to obtain a group pile p-y curve. In this approach, 
the p-y curve is stretched in the direction of deflection, so that the deflection of pile group 
will be bigger than that of single pile due to similar loading. The values of p-multiplier 
proposed by Brown et al. (1988) are the result of a large scale test for pile group and 
isolated pile embedded in dense sand subjected to cyclic loading. Brown and Shie (1991) 
also performed the p-multiplier from the result of 3D finite element analysis. They also 
employed the values of y-multiplier. While p-multiplier is less than or equal to 1.0, y- 
multiplier is greater than or equal to 1 .0 .
Mokwa and Duncan (2001) proposed p-multiplier design curves (Fig. 2.3) that make this 
concept applicable for various types of soil. They collected and reviewed over 350 
journal articles and other publications pertaining to lateral resistance, testing and analysis 
of pile caps, piles and pile groups. They also did foil scale field test and laboratory tests.
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Figure 2.2 Concept of p-multiplier, fm (Brown et al. 1988).
The description of pile group arrangements for this approach is shown in Fig. 2.4. 
Mokwa and Duncan (2001) formulated p-multiplier in Eq. 2.1.
Pg fmPs 
where
pg = soil reaction for a member piles in a group pile
fm = p-multiplying factor
Ps = soil reaction for single pile.
Pile distance (nD)






 1 st trailing row
0.4
 2 nd trailing row0.2
Figure 2.3 Proposed p-multiplier design curves (Mokwa and Duncan 2001).
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Figure 2.4 Description of pile group arrangement.
2.2 Sensitivity theory
2.2.1 General
The preliminary definition of sensitivity analysis is the study of the relationships between 
information flowing in and out of the models (Saltelli 2000). The models could be 
developed as physical models (real experimental models) or numerical models 
(mathematical models). In some cases, the physical models are not effective and 
impossible to be done for complexity of process. In this case, the investigations can be 
conducted on the numerical models.
Possible gains of doing sensitivity analysis are: (a) the overall computational cost 
required by algorithms depends strongly on the efficiency of gradient evaluation, because 
of gradient of functions describing system behaviour with respect to parameter entering 
any specific theory employed are indispensable in the majority of such algorithms used 
for fundamental problems of engineering as system optimization and reliability 
assessment, (b) it is now broadly accepted that any realistic large-scale engineering 
simulation has to be complemented by an extensive study on response sensitivity to
17
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system parameters just to broaden our understanding of the system behaviour (Kleiber 
1997).
While the sensitivity analysis does not take cost as a primary consideration, we can 
define the most effective way to improve the performance, strength of the laterally loaded 
piles by characterization of the effect of the changes of the soil and pile parameters.
The common terminology for such function that is to be improved is objective function or 
performance function (Haftka 1990). The sensitivity analysis is concerned with the 
variation of a performance function with respect to changes of the design variables.
2.2.2 Classification of sensitivity methods
There are two methods of sensitivity analysis commonly identified in the literature: (a) 
discrete method and, (b) variational method. The discrete method was adopted for finite 
element analysis, which can be classified into three groups: finite difference, semi- 
analytical and analytical method. Discrete method is applicable to non-structural like 
physical chemistry sensitivity analysis involving systems of linear equations, eigen value 
problems (Haftka 1990). This method cannot be used in structural applications due to two 
reasons: ( 1 ) not all structural analysis solution methods lead to the type of discretized 
equation and, (2 ) operating on the discretized equations often required access to the 
source code of the structural analysis that are usually not provided in most structural 
analysis programs (Haftka 1990). In the variational methods, the gradients of objective 
and constraint functions regarding of the design variables are expressed analytically and 
the governing equations of the structure are differentiated to carry out the design 
sensitivity analysis (Haftka 1990, Choi and Chang 1992, Mota Soares and Leal 1992). 
The variational methods can be divided into two groups: (a) the direct differentiation 
method (b) the adjoint system method. The direct differentiation method differentiates the 
system equations with respect to the design variables to obtain the first order equations 
for displacement sensitivities. In the adjoint system method, a system is subjected to 
initial action, e.g. deformation, and evaluates the sensitivity response of the system.
18
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In civil engineering, some researchers have employed the sensitivity analysis in the pile 
and raft foundations with various conditions of loadings and design parameters. 
Valliappan (1997) introduced an algorithm for the semi-analytical sensitivity method 
applied to non-linear analysis and a modification of the two-point constraint 
approximation. Valliappan (1999) applied a structural optimization combined with the 
finite element method in sensitivity analysis for the optimal design of a raft-pile 
foundation system.
2.2.3 Previous work
Budkowska and Szymczak (1993a, 1994b) derived first variations of vertical 
displacement and axial force of axially loaded piles due to changes in the design variables 
(pile and soil parameters) in sensitivity analysis. Virtual work theorems have been 
applied with the assumption of one-dimensional idealization of the pile in conjunction 
with the soil model consisting of a continuously distributed system of springs and a 
spring located on the pile toe. Budkowska and Szymczak (1995b) employed the same 
models of the pile and soil with different design variables.
Budkowska and Szymczak (1993b) derived first order variations of an angle of the pile 
twist and a torque at a specified cross-section of the pile due to design variable (the cross- 
section dimensions and the parameters determining both the pile and soil behaviour) 
variations. The considerations based on some variational theorems of mechanics are 
restricted to the linear range of the structure behaviour.
Budkowska and Szymczak (1994b) also presented the sensitivity analysis of the twisting 
angle of pile top for piles undergoing torsion with different design variables (such as the 
pile length). The considerations are based on calculus of variations with moving 
boundaries. The sensitivity analysis enables the calculation of changes in the quantities 
under consideration due to the pile end shifts without a full re-analysis of the pile.
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Budkowska (1998a) presented the sensitivity analysis of deformation of piles subjected to 
bending load conditions due to variable length. The pile structure was modeled as a beam 
element and the soil is simulated by the elastic foundation of Winkler type. The 
functionals of bending and shear energy are defined in the scope of variational calculus 
based on the principle of virtual energy. They employed the concept of the adjoint 
structure subjected to unit dummy load. The final forms of sensitivity equations are 
accompanied with set of equations defining the behaviour of natural boundary conditions 
for primary and adjoint structure. They form the basis of the numerical investigations of 
the piles penetrating homogeneous and nonhomogeneous soil as well. Employing the 
same method with different design variables, Budkowska (1998b) performed the 
sensitivity analysis of deformation of the long piles embedded in homogeneous elastic 
soils under bending moments. The derived sensitivity equations are valid for arbitrary 
distribution of the design variable vector. The obtained sensitivity equations resulted in 
formulation of the underintegral sensitivity operators associated with each of the design 
variables. The determined underintegral sensitivity operators enable one to localize the 
most effective domains where the variations of the design variables affect mostly the 
changes of the quantity under consideration.
Budkowska and Szymczak (1996, 1997) presented the first variation of the critical 
buckling load of a pile partially embedded in a soil due to the change of pile material and 
soil properties. Pile was idealized the same as before. The effect of negative skin friction 
was neglected. Numerical investigations show that the first order sensitivity analysis 
leads to a good approximation of the change of the critical load due to the design variable 
(pile material and soil properties) variations within broad limits of its changes.
Budkowska and Szymczak (1992a, 1992b, 1995) proposed an approximate procedure for 
calculation of changes of maximum values of an arbitrary displacement and an internal 
force of laterally loaded piles due to some increments of the pile cross-section 
dimensions, the pile material constants and soil parameters. The method presented can be 
applied to both linear and non-linear behaviour of the pile material and the soil with same 
simulation of pile as before. The first order variation of the maximum value of quantity
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under consideration was evaluated with the aid of the adjoint structure concept. The 
results of the numerical examples given dealing with the linear structures allow the 
conclusion to be drawn that the approximation of the exact results by means of the first 
variations are reasonably good (Budkowska and Szymczak 1992a). Budkowska (1997a) 
presented the general formulation of the sensitivity analysis of laterally loaded pile 
embedded in a homogeneous soil medium. This approach was also based on the 
principles of variational calculus. The central point of analysis was connected with the 
concept of functional with constraints which was then transformed into augmented 
functional without constraints, however dependent on the Lagrange multipliers vector. 
The other part of that paper (Budkowska 1997b) investigated the short steel piles 
subjected to a bending type of load. Based on the distributions of underintegral sensitivity 
operators for short piles, some conclusions of considerable importance for engineering 
practice were presented.
Budkowska and Suwamo (2002a) presented a sensitivity analysis of lateral displacements 
of long single piles subjected to static horizontal forces applied at the soil surface. Soil 
was stiff clay below the water table modeled by means of p-y model. The sensitivity 
functional of a non-linear pile-soil system was formed with the aid of the adjoint system 
that demonstrates the non-linear features.
Budkowska and Suwamo (2002b) performed a sensitivity analysis of pile group 
subjected to horizontal loading embedded in stiff clay located below the water table. 
They used the same methods for single piles and took into account the group effect by 
introducing suitable fm factor (p-multiplier factor) in p-y curve. The material 
characteristics of the pile-soil system are taken as the design variables.
Budkowska and Priyanto (2002a) compared the sensitivity integrands for short and long 
piles embedded in soft clay located below the water table. The type of load is cyclic that 
is applied at the soil surface. The p-y model was employed to simulate the soil effect on 
the behaviour of the pile-soil system. The design variables chosen for investigation were 
those connected with pile-soil strength parameters. The pile-soil system was a five
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parameters sensitivity system. It was analyzed based on the adjoint pile method that has 
non-linear features. The equation of first variation of deformation determined depend on 
the sensitivity operators connected to each of the design variables.
Budkowska and Priyanto (2002b) presented the behaviour of a pile-soil system in the pile 
group embedded in the soft clay below the water table under cyclic lateral loading. The 
soil was simulated by means of a p-y relationship modified by the fm factor that was 
dependent on spacing and location. The adjoint structure method (which will be 
discussed in Chapter VI) was adopted for sensitivity investigations. Special approaches 
were developed for the purpose of sensitivity analysis to assure that the pile investigated 
was the non-linear member of pile group. It assured that the kinematic and static fields 
produced by unit-generalized load depend on the magnitude of the load applied to the 
primary pile group system. The first variation of kinematic functional due to variations of 
the design variables vector was formed with the aid of variational calculus.
Budkowska and Liu (2004) analyzed the performance of the pile-soil system embedded 
in stiff clay above water table under cyclic load. Same adjoint structure method was 
adopted. The first variation of performance function due to change of design variables 
was performed within the framework of sensitivity analysis theory. It shows the good 
agreement between the formulated results and the aetual results done by the computer 
software.
Barakat (1999) presented a general approach to the reliability based analysis and the 
optimum designs of laterally loaded piles. All behaviour and side constraints specified by 
standard specifications for piles were taken into account by this approach. The effect of 
corrosion of piles with time was considered in formulation with limiting state functions. 
The solution to reliability based problems was obtained by a computer program 
(RELLOP). A general reliability based methodology was developed and implemented in 
the developed computer program (RELLOP) for both element and system limit states. 
Numerical examples demonstrating the feasibility of considering multiple limit states and 
system reliability requirements in the design of laterally loaded piles were presented.
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2,2.4 Sensitivity analysis methods employed in this study
Theoretical approach of sensitivity analysis is formulated in the framework of variational 
caleulus that allows for appropriate involvement of sensitivity parameters of a continuous 
type in this study. The adjoint system method is the most effective method (Kleiber, 
1997) because non-linear behaviour of the loading-deformation of the laterally loaded 
pile is path independent. For this reason the first variation of functional of the top lateral 
deflection and the angle of rotation is formed based on the adjoint structure method 
(Budkowska, 1997a), which incorporates the virtual work theorem. It can be assumed in 
the scope of sensitivity theory that the constitutive relationships of the pile-soil 
interaction system depend on the state and design variables. The formulation employs the 
fact that the variations of 5y and 50 are imposed on the primary pile structure that is 
subjected to a constant load. This approach enables us to determine the first variations of 
functional of generalized deformations by means of sensitivity operators of the design 
variables. The adjoint structure has to satisfy the same constitutive relationship that the 
original primary structure does (Dems and Mroz 1983), so that it is very important to 
determine the models and loadings of the adjoint structure that is appropriate in this 
definition.
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A foundation is a structural system to transfer the load from the upper structure to the 
ground safely. There are two manifestations on what we call safety: has enough strength 
and has limited deflection so that people will not be afraid of seeing such as a big 
deflection. Later, these two criteria are called the strength ability and the serviceability 
respectively. There are two main types of foundations, firstly: the shallow foundation 
consists of square footing (both way have same size), rectangular footing (both way have 
the different size), continuous footing (length is much larger than width) and secondly: 
the deep foundation consists of pre-cast (casted in different place and then installed at 
site) pile foundation, bored (installed the cage by boring and then casted at site) pile 
foundation etc. A civil engineer designs the foundation of the structure based on many 
consideration. Some of them are the magnitude of the load that must be supported, the 
type and the strength of the soil the structure built on, the workability of the foundation 
construction and many more. But at last, the decision has to meet the strength ability and 
the serviceability required according to the present regulation in area where the building 
is going to be built.
In 1950s a civil engineer choose a pile foundation to support only vertical loads of the 
upper structure. To support a huge upper structure load on weak soil, the type of the 
foundation usually used is a pile foundation. However as the time goes by, there were 
many structures, like offshore structures, harbour structures, retaining walls, dams, which 
have to support mostly lateral loads besides vertical loads. The sources of these lateral 
loads might be one or combination of the following (Coduto, 1994):
a) earth pressure from the back of retaining wall,
b) water pressure from the back of dam,
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c) wind loads,
d) seismic or earthquake loads,
e) berthing loads from ships as they hit piers or other harbour structures,
f) downhill movements of earth slopes,
g) vehicle acceleration and braking forces exerted on bridges,
h) eccentric vertical loads of columns,
i) ocean waves forces on offshore structures,
j) river current forces on bridges piers,
k) cable forces from transmission towers,
1) structural loads on abutments for arch or suspension bridges.
These lateral loads must be resisted by the upper structure first and then safely transferred 
to the ground through the foundation. Pile resists the lateral forces by deflecting until the 
soil reaction mobilized big enough to meet an equilibrium state. The internal forces 
resulted from the lateral loads should not exceed the lateral load capacity of the pile. The 
determination of this lateral load capacity is defined by one of the following failure 
conditions provided by the Canadian Foundation Engineering Manual (1992):
1 . the capacity of soil is exceeded resulting in the failure of the foundation,
2 . the maximum bending stress of the pile is exceeded resulting in the structural 
failure of the piles,
3. the maximum deflection connected with the allowable deflection for the 
superstructure is exceeded.
These conditions had been made based on the strength and the serviceability that are:
1 . an adequate factor of safety represents the strength ability and,
2 . an acceptable deflection at the applied load represents the serviceability.
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This research focuses mostly on the second criterion specified above, that is the 
serviceability. This will be discussed in detail in Chapter IV.
The laterally loaded pile is an interactive pile-soil system since a pile is always embedded 
in soil. The behaviour of this system under lateral loading should be analyzed in order to 
provide a safe pile foundation. Based on the need of providing the suitable safety of 
laterally loaded pile, a lot of research had been done aiming at finding an appropriate 
model for this system. Those research efforts resulted in many proposed theories and 
models.
The pile foundations are used to resist axial and lateral loads applied to the pile head. The 
pile-soil interaction can be simulated by a number of different approaches. One of the 
most popular approaches that enjoy high popularity in engineering community is p-y 
method referred also as local-transfer method. In p-y method, p stands for soil reaction 
whereas y defines lateral displacement. In this method the pile structure is considered as 
an elastic beam element. The soil p-y model represents non-linear springs distributed 
along the pile axis that deform locally which means that the p-y model itself does not 
transfer the deflection y to the soil neighborhood. A number of p-y curves were 
developed for sands (Murchison and O’Neill (1984), Reese et al. (1974)) and for clays 
(Dunnavant and O’Neill (1989), Matlock (1970)).
The p-y model is based on the concept of Winkler (1867) foundation model in which the 
adjacent soil that surrounds the pile is represented by non-linear springs distributed in 
continuous fashion along the depth x and deflect in continuous fashion as the result of 
deflection of the pile. The p-y models are widely used in the design due to their 
versatility, simplicity and reliability. The pile-soil interaction described by means of p-y 
mechanism is unique, since it depends on the pile as well as soil properties. There are 
computer programs (COM624P and FB-Pier) that allow for analysis of substructure 
(COM624P) as well as superstructure along with substructure (FB-Pier) supported by p-y 
models.
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Historically, the research on laterally loaded piles was focused on following issues:
1. Development of suitable models for soils adjacent to piles which when combined 
in pile-soil interaction system provide realistic and predictable performance of 
substructure.
2. Incorporation of effective and currently acceptable methods of analysis that 
provide the engineers the reliable and safe basis for analysis.
3. Verification of the existing models to take into account special features that 
laterally loaded piles require to be included such as e.g. effect of installation 
methods on the performance of pile-soil systems.
3.2 Description of p-y model used in investigations
The laterally loaded pile subjected to sensitivity analysis is embedded in sand located 
below water table subjected to cyclic loading of quasi-static type. The pile structure 
together with the adjacent soil model and specified physical parameters of the pile-soil 









Figure 3.1 Schematic view of a laterally loaded pile.
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The response of the soil is modeled according to p-y notion whereas the pile structure is 
simulated as a one dimensional beam element. The interactive pile-soil system satisfies 
the following differential equation the solution of which represents the performance 
(deflection y) of the system. Thus,
Ely^^ + p(y) = 0 [3.1]
where El stands for pile’s bending stiffness,
p(y) denotes the soil reaction being the function of lateral deflection y.
The soil p-y model proposed by Reese et al. (1974) describes the soil behavior when 
adjacent to the laterally loaded pile embedded in sand below water table subjected to 
cyclic loading. It employs the ultimate soil resistance denoted as pc which depends on the 
depth X and the soil strength parameters such as an angle of internal friction (j), a 
submerged unit weight of soil y', a coefficient of lateral earth pressure of Rankine type Ka 
and a width b of a pile where the soil reaction can develop. It is not possible to 
characterize the ultimate soil resistance pc by means of one simple equation. Thus, pc is 
expressed by means of two equations that differentiate themselves by the fact, that one 
part of pc denoted as pct can develop elose to the soil surface whereas pcd is generated at 
the deeper depth. The transition from pct to pcd occurs at such depth Xr that provides the 
continuity of pct and pcd as shown in Fig. 3.2.
Pcd
X
Figure 3.2 Ultimate soil resistance with the depth of the pile (Reese et al. 1974).
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Thus, for X < Xj
pct
KgXtantjisinP tanP—■----------------- 1----------
tan(p-<|))cosa tan(P -  <|))
y'x + (b + x tan p tan a) + KqX tan P(tan <|s sin p -  tan a) -  K^b
[3.2]
and for x > x^
Pcd = Kab Y’ x(tan* p -1) + Ko b y'x tan (j) tan'  ̂P [3.3]
The equity of Eq. (3.2) and (3.3) allows for determination of Xr which is given as: 
btanp
Xr =
K„ tan^ P + Kq tan (|)tan  ̂P  -----
tan(P-([))
Kq tan(j)sinp + tan Psina
tan(P-(j))cosa
+ Kq tan P(tan <j) sin P -  tan a)
[3.4]
At arbitrary depth x the soil lateral displacement can be marked by three characteristic 
values (shown in Fig. 3.3). They are denoted as y ,̂ ym and yu. The yk defines this interval 
(0 -y) of lateral deflection y at an arbitrary point x where the soil reaction p demonstrates 
a linear behaviour. When the lateral displacement y is located in the interval contained 
between yk and ym =b/60 the soil reaction p is a parabolic function of y. The yu=3b/80 
marks the value of lateral displacement y when the soil reaction p passes from the bi­
linear state to the plastic flow. The corresponding values of soil reaction p associated 
with characteristic points y are denoted as pk, pm and p„ respectively.
The set of suitable physical relationships for p-y soil discussed is given as:
For y<yk
p=kxy [3.5]
where k stands for modulus of subgrade reaction.
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For Yk < y < y.
P= BcPc
^60 vBc [3.6]
where Ac and Be are experimentally determined functions of dimensionless variable 
(x/b) that take into account the effect of cyclic loading on development of soil 
reaction p.
For Ym <y<Yu
48 f  b ^
P =  Pc B„+ —  b 60y
(A c -B j [3.7]
For y > Yu 
P =  AcPc [3.8]
It is worth noting that the ultimate soil reaction pc that appears in Eqs. (3.6), (3.7) and 
(3.8) is defined by Eq. (3.2) for x < x  ̂ and by Eq. (3.3) for x > x^.
BcPc
ym=b/60 Yu=3b/80Yk y
Figure 3.3 Physical p-y curves for p-y sand below water table subjected to cyclic loading, the 
variability of yk along the depth x is also indicated on the on the p-y curves (Reese et al. 1974).
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Figure 3.3 shows that the lateral displacements ym and yu do not change with depth x. The 
same conclusion cannot be extended to yk whose value changes with depth x. This fact 
can be explained with aid of Eq. (3.5) where the coefficient of proportionality between 
soil reaction p and lateral displacement y is described by term (kx), which is not constant 
along depth. The locations of intersection points of Eq. (3.5) with parabolic portions of p- 
y curves given by Eq. (3.6) are shown in Fig. 3.3 for variable values of depth x. It is 
apparent that interval (0-yk) within which the soil behaviour is of linear type changes with 
depth. The type of variability of (0-yk) as a function of x is important in explanation of 
distributions of sensitivity integrands affecting the performance of maximum value of 
generalized deflection. Therefore the physical variability of yk, ym and yu in the vicinity 
of the laterally loaded pile subjected to variable in discrete fashion forces Fi, Fa, F3 are 
shown in Fig. 3.4. This figure contains also the possible deflection lines yi, ya, ys 










Figure 3.4 Typical distributions of yk, Ym and y„ values together with deflection curves yi, ya, ys 
of a laterally loaded pile embedded in sand located below water table subjected to variable forces
Fi, Fa, F3 of cyclic type.
The distributions of functions Ac and Be of Eqs. (3.6)-(3.7) that represent the cyclic effect 
on behaviour of laterally loaded piles embedded in sand below water table are shown in 
Fig. 3.5.
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Figure 3.5 Distributions of non-dimensional functions Ac, Be contributing to the effects of cyclic 
loading affecting the performance of laterally loaded pile embedded in sand.
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CHAPTER IV
THEORETICAL FORMULATION OF SENSITIVITY ANALYSIS
4.1 Formulation of sensitivity performance of laterally loaded pile with 
distributed parameters
The performance of the pile in this analysis is defined by maximum lateral deflection and 
maximum angle of flexural rotation. In the investigated case both these components of 
generalized deflection u are located at the pile head and are denoted as yt and 0t. The p-y 
pile-soil system is explored in the outline of sensitivity theory by means of adjoint 











Figure 4.1 The pile-soil structure subjected to sensitivity analysis with distributed design
variables.
As described in previous section, the indicated physical and geometrical parameters 
affecting the performance of the pile-soil system are taken as the design variables of 
distributed type. Thus, they are considered as being functions of spatial variable x. For 
convenience of the analysis they are arranged in vector z defined as:
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z = [ E I , b , - / , ( t ) , K a , k f  [ 4 . 1 ]
By using the virtual work principle, the generalized maximum deflection can be found 
out. The original structure involved in this principle is called primary structure. Primary 
structure requires introduction of a virtual system called the adjoint structure that is 
subjected to suitable generalized unit load (could be a unit lateral force or unit bending 
moment). The outline of the adjoint structure shown in Fig. 4.1 is employed in the 
sensitivity analysis. The adjoint structure is being the state of deformation of the primary 
system. Therefore, this virtual structure satisfies the same differential equation of the 
system as well as the physical equations as the primary structure does.
Thus, the following relationship is employed based on the virtual work principle 
(Washizu 1976):
i ® 5u = -  ̂  M6y"dx + ^ydx  [4.2]
where M,p are internal forces of the adjoint structures,
5y" and 6y are the first variations or increments of suitable generalized 
deflections such as increment of second derivative of deflection and 
increment of deflection itself,
5u stands for the first variation of maximum generalized deformation (5yt,
50t).
The unknown variations of §y" and 8y resulting Ifom change of the design variables can 
be determined from the constitutive relationship of the pile structure and the surrounding 
soil which are extended to the dependence on the design variables. In general, the pile 
structure and the surrounding soil satisfy the following equations:
M = -EIy" [4.3]
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and
p=p(y(z)) [4.4]
where y(z) represents the lateral deformation of the soil being the function of the
design variable vector z that does not contain bending stiffness El of the 
pile, which is associated with pile structure of Eq. (4.3).
The behaviour of the pile-soil primary structure depends on the state variables y, y" and 
the design variables. Therefore, the first variations of internal forces of Eqs. (4.3) and 
(4.4) can be expressed as:
5M 5M „ 




5p = - ^ 5 y + ^ 5 z  
ay oz
[4.6]
The variations 5y and 5y" are imposed on the primary structure in the presence of 
constant load. Therefore, the increments of internal forces are equal to zero. This means 





The conditions in Eqs. (4.7) and (4.8) combined with Eqs. (4.5) and (4.6) results in the 
determination of Sy" and 8y .
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Thus,
„ „ dM dy"5y = ---------— 5z [4.9]
 ̂ dz dM
and
5y = - - ^ ^ 5 z  [4.10]
 ̂ dz dp
In Eq. (4.9) 5z contains only variation of first component of Eq. (4.1) that is associated 
with pile material, i.e. 5(EI), where as §z of Eq. (4.10) contains the variation of remaining 
components of Eq. (4.1) that describe the behavior of the soil.
Thus, with the aid of Eq. (4.3), Eq. (4.9) becomes:
6y' = - f |^ l5 ( E l )  [4.11]
vE i;
The adjoint system follows the equation given below that by definition describes the 
adjoint structure as:
   Pf
M = -E ly [4.12]
Combining Eqs. (4.11) and (4.12) with the Eq. (4.2), the first term of Eq. (4.2) under 
integral can be written as:
   Pf
M5y" = y"y 6(EI) [4.13]
The expanded form of Eq. (4.10) that takes into account all soil design variables will be:
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2 5p 5y J ,  5p 5y ,  5p 0y „ .  0p 0y 5p 5y8y = — - ~ 8 b — — — 8 y — i-— S(b  — =̂ -6K„— ^-— 5k [4.141
5b dp dy' dp 5(j> 5p dK^ dp  5k dp
The soil surrounded the adjoint pile structure is defined by the equation similar to
(4.3). It is given as follows:
(y(z)) [4.15]P = P'
Combining Eq. (4.14) with Eq. (4.15), the second term of Eq. (4.2) under integral can he 
written as;
= [4.16]
5b 5p 5y'5p d^d^  5K^ 5p  ̂ 5k 5p
Substituting Eqs. (4.13) and (4.16) into Eq. (4.2), the following results will come out:
i ®5u = - f  y"y 5(El)dx -  ^ - ^ ^ p B b h x -  f  ̂ ^ p 5 y 'd x  -  f  ̂ ^ p 5 (t)d x  
® 5K^ 5p  ̂ ® 5k 5 p ^
The left hand side of Eq. (4.17) contains changes (first variation 5u) of generalized 
maximum deflection whereas right hand side of Eq. (4.17) contains changes (first 
variations) of the design variables of the pile-soil system. Therefore, Eq. (4.17) represents 
the sensitivity of 6u due to the changes of the design variable vector 5z . It is important to 
note that each variable has different unit. The results of integration of all integrals of right 
hand side of Eq. (4.17) must have the same units as left hand side of Eq. (4.17). These 
facts conclude that normalization of the variations 6z of the design variables with respect 
to their initial values z leads the integrands having the same units. Thus, after 
normalization of the design variables, the integrands will have units of a force and 
integration of integrands with respect to x gives units of work.
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Thus, the unified sensitivity integrands of Eq. (4.17) can be defined as:
P ,7 = -y " y E I  [4.18]
ry ^ [4.19]
dhdp^
< ■ - % % »  >“ '1
P^y = - J P - ^ p K ^  [4.22]
dK^ 5p "
p % = _ ^ ^ p k  [4.23]
akap
The unified sensitivity integrands of the relationships (4.18)-(4.23) have the superscripts 
and subscripts. The first superscript in the sensitivity integrands defines type of loading 
applied to the pile-soil system and the second superscript stands for the component of 
maximum generalized displacement. The subscript in the sensitivity integrands means the
design variable. For instance, the first superscript in the sensitivity integrands Pgĵ  is the
lateral force, F applied to the system and the second superscript is the maximum lateral
deflection y generated by the force. The subscript in the sensitivity integrands Pgĵ  is the
pile material design variable i.e. the bending stiffiiess of the pile. The normalized 
variations of the design variables are obtained as follows:
5(Elk = 8(E1)/(EI) [4.24]
6 b N =5 b / b [4.25]
5y^=5y7r' [4.26]
5(j)j,( = 5(j)/(j) [4.27]
8 (K .k = 8 K ./K , [4.28]
6k = 5k/k [4.29]
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By introducing the relationships of Eqs. (4.24) - (4.29) into Eq. (4.17), Eq. (4.17) can be 
rewritten as the following:
i . 6 u  =  jg - p l [ 8 ( E l) N d x +  J r " > '5 b N d x  +  f  p ';> '5T i,dx+  ;g-p'='84.Ndx
[4.30]
+ f p / ^ 6 ( K j ^ d x + f P / 8 k N d x
where Pgj ,̂ P^^, P^^, P^^, P|^̂  and Pj^ are the sensitivity integrands of the change of
the maximum lateral deflection due to the changes of the design variables,
5(EI)j,j , 5bj.j, 5yn , 6(|)n , 8(Kg)j^ and 6k^ are the normalized variations of the 
design variables with respect to their initial values.
Eq. (4.30) is called the equation of sensitivity of maximum generalized deformation due 
to the changes of the design variables. It should be noted that sensitivity analysis is 
conducted in the vicinity of the applied loads. The source of non-linearity, which is 
attribute to the p-y relationship, is extended to the relationship between force and 
generalized displacement. Therefore, the sensitivity investigations of non-linear systems 
are conducted in a discrete fashion for identified values of extended loads. The 
definitions expressed by Eq. (4.18)-(4.23) describe the sensitivity integrands that affect 
the maximum lateral deflection y of the pile head when subjected to horizontal force F 
due to the changes of the design variables (***).
When the pile-soil system is subjected to bending moment M, then the first superscript F 
of sensitivity integrands Eq. (4.18)-(4.23) will be changed to M. The definitions of Eq. 
(4.18)-(4.23) can also be used for sensitivity investigations of maximum angle of flexural 
rotation 0t. Accordingly, the superscript y will be replaced by 0. Consequently, the unit 
bending moment 1 of Eq. (4.17) will be applied to the adjoint pile-soil system.
The visual inspection of the distributions of sensitivity integrands given by
formulas (4.18)-(4.23) enables one to know the locations where the changes of the design 
variables are of the crucial importance for the changes of deformations. Sensitivity
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integrands also give the clear indication of the critical locations of the parameters
of the system that are important for the behavior of deep foundations and superstructure
F
as well. The knowledge resulting from sensitivity integrands gives the basis to
develop suitable preventive measures to extend the service life of the system.
4.2 Assessment of sensitivity performance of non-linear p-y pile-soil system due 
to the change of distributed parameters
When the behavior of the pile-soil interaction system is considered over the span of 
service life, the assessment of sensitivity performance of non-linear pile-soil system is of 
significant importance for engineering practice. The pile-soil structure associated with the 
infrastructure systems such as the transportation infrastructure system has been originally 
designed for smaller live loads. However, they serve to much larger live loads because of 
the real load on the infrastructure system. Transportation infrastructure systems during 
service life are subjected to heavier and heavier live loads as a result of development of 
automotive industry to satisfy the demands of transportation sectors. As a result of it, 
accelerated deterioration process is generated that makes the demands for more frequent 
renovations, repairs, rehabilitations and replacements. By conducting the assessment of 
the sensitivity performance of non-linear pile-soil system subjected to lateral loads of 
discrete variability, it is possible to find out the relationship between the increase load 
and the changes of the performance of the system. The sensitivity investigations of 
performance also allow to detect the areas where the changes of material parameters of 
crucial importance are localized and which parameters are of primary importance in the 
improvement of the performance of the system. Thus, the following sensitivities of 
maximum generalized lateral deflection can be determined based on the formulas of
sensitivity integrands (Eqs. 4.18 -  4.23) for arbitrary but defined value of load,
We! =  J [4.31]
= ] [■Pb'dx [4.32]
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= f  P^’ dx [4.34]
= f p f ’ dx [4.35]
= fP k ’'dx [4.36]
As we see in Eqs. (4.31) -  (4.36), it is clearly shown that the quantitative assessment of 
is the integrated value of sensitivity integrands of along the pile axis for the
load applied F. With the aid of Eqs. (4.31)-(4.36), Eq. (4.30) for constant values of 
5(*** can be presented as.
i .6 u  = W J 6 (EI)n + W /6bN  + W /5 (y')n + W /5(^n + W/^5(K + W /5kN
[4.37]
Equation (4.37) provides the basis for the numerical assessment how the increase of 
generalized maximum deflection is affected by the changes of the design variables. The
F
sensitivities given by formulas of Eqs. (4.31)-(4.36) depend on the magnitude of
F
the applied load. Therefore, it is possible to define the sensitivities of formulas
(4.31)-(4.36) as the function of the applied load F.
If we consider the normalized variations 5(*** )ĵ  of the design variables are equal, then
F
the relative contribution of sensitivity of the particular design variable to the first
variation of maximum generalized deflection can be measured. The total sensitivity of the 
change of 5u defined as is expressed as follows:
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[4 .38]
F





r J ' /c^yjva [4.43]
R^y [4.44]
As is seen in Eqs. (4.39) -  (4.44), can be defined as the contribution in % (in
comparison of all design variables) of change of any specific design variable (»»♦) on 6y 
when the pile structure is subjected to force F.
The discussed analysis presents the sensitivity studies of laterally loaded pile embedded 
in p-y sand below water table subjected to cyclic loading. The quantities subjected to 
sensitivity investigations are the maximum lateral deflection and the angle of flexural 
rotation that are located at the pile head. The material parameters b, y', (f), Ka and k 
associated to the description of p-y relationship of the sand and the bending stiffness El 
of the pile are considered as the design variables of the continuous type. The theoretical 
formulations of sensitivity analysis of non-linear pile-soil system with distributed 
parameters are conducted in the framework of variational calculus that it is based on the 
virtual work theorem. The sensitivity analysis formulation employs the changes in the 
performance of the system due to the changes of the physical parameters of the system 
whereas the applied load is maintained constant.
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The obtained numerical results of sensitivity performance are discussed in detail in 
Chapter VIII.
Every derivative developed from p-y relations of the submerged sand required for 
aforementioned sensitivity integrands equations (Eqs. (4.19) -  (4.23)) are given below in 
details:
For 0 < X < L and 0 < y < yj^:






For 0<x<Xj. and yî  < y < yj„ :
Derivative required for Eqs. (4.19) -  (4.22):
dy





KpXtan(|)sin P ^ (p + x tan P tan a)+  KqX tan p(tan (j)sin p -  tan a ) -  K^b
V K a  COS a
[4.46]
Derivative required for Eq. (4.20) 
KqX tan(|)sinp tanPdp = BgX
Vk T
+ —j== (b + x tan p tan a )+ KqX tan p(tan(j)sin p -  tan a) -  K^b 
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sir 45° + “  1—^  + - tan(|)co/45° + -
'COiĝ (|) 2
(|> 1 . d) . f  <|)̂cos^ + -  sin- tanffism 45̂  + -












coŝ  45  ̂+
4 ^ 4
co^l 45° + -
2y




60 ’• t "
[4.48]
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K qX tan (j)sin P










^  (b + xtanBtang)
4 k
+  K qX t a n  p




Derivative required for Eq. (4.22):
5K.
= -B cY'x
KoXtan(j)sinp tanP /,  ̂ n ,
— ------ -— Y  + ------^ ( b  + X tan P tan a j+ b





For 0 < X < Xr and < y < :
Derivative required for Eqs. (4.19) -  (4.22):
%
= yx K gx to i^sinp  ^  t a ^  (b + x tan P tan a ) + K g x tan p(tan <j)sinP-tana)-Kab 
V K g  COS a
f ( A e - B e )
[4.51]
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Derivative required for Eq. (4.20):
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KoXtaiKbsinB tanB n ,
— ---------- — +------^ ( b  + xtanptana)+b







For Xy < X < L and yî  < y < y„
Derivative required for Eqs. (4.19) -  (4.22):
Bgby'x Kg (tan^ P - 1)+ Kq tan(|)tan^ P
( Ap " r (60 ^*0.8 -1 * * — y
2 U  " j
0.8| ^ -1  Bp




: Bj,bx[Ka (tan* p - 1)+ Kg tan (j)tan ^60
\ D  y
[4.56]
Derivative required for Eq. (4.21):
-  Bgby'xtan' ^ ArO45 + -
V 2 y
4Kg tan "̂ 45°
V 2y
COS '’4 5 " + + '
2y
+ 2Kotan<j) tan
----------- h K n
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■ ^ -1  








- 1 + KqY'x tan (j)tan'll 45® + —
V 2y
60 0.8 ^ -1Bn +
Kgby'x
V u








Derivative required for Eq. (4.22):
[4.58]
9p 60,y'bx(tan^p-li y
xO.B BeV y [4.59]
For Xr < X < L and < y < y„ :
Derivative required for Eqs. (4.19) -  (4.22):
9y
= by'x[Ka(tan® P - i )+K q tan(|)tanp * — (A ^-B e)
V b
[4.60]
Derivative required for Eq. (4.20):
9p -  bx
A ' .
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Derivative required for Eq. (4.21):
3(j)
= by'x tan' 45°
2
4Ka tan 0 , t|>45" +
cos
+ 2Kotan<|) tan 
 + K o -
45" +
4 5 « . f
COŜ  (j)
Be +
6 0 , ,  b ^V
[4.62]












+KoY'xtan<j)tan‘̂ 45“ + f
V 2y
|B e  + y_A Y ±8(A ^_B j' 
6 0 A b ' ‘




















(Ac - b J [4.64]
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CHAPTER V
NUMERICAL INVESTIGATIONS OF SENSITIVITY ANALYSIS
5.1 General
In previous chapters the theoretical formulation and methods of sensitivity assessment for 
problems of engineering importance are presented. The objective of this chapter is to 
implement the presented theoretical formulation to the numerical investigations of 
laterally loaded piles. The studies are conducted by means of the adjoint system method. 
Numerical investigations of sensitivity analysis consist of important topic that is deal 
with the application of pile-soil model that means the construction of the p-y curve with 
corresponding load at desired location as well as pile-soil properties.
In this study, the numerical investigations for single isolated short and long piles as well 
as pile group are conducted. Due to the variability of length, the numerical investigations 
of the short piles consist of piles having lengths 2T, 3T, 4T and 4.5T (T is the relative 
stiffiiess factor that will be defined in section 5.3 of this chapter) under lateral load of 
discrete variability are done, while those of the long piles consist of piles having lengths 
5T, 6T, 7T, 8T, 9T and lOT under lateral load of discrete variability are also done. For 
the reason of the variability of the restrains at the head of pile, the numerical 
investigations are done for both short piles and long piles that have free head and fixed 
head. Free head pile means that it allows the rotation occurs at the top of the pile whereas 
fixed head pile means rotation not be developed at the top of the pile. For the discrete 
variability of the loading type, the numerical investigations for short and long piles are 
done when subjected to lateral force or bending moment applied at free head, whereas the 
numerical investigations for short and long piles are done when subjected to lateral force 
only applied at fixed head. All the numerical investigations due to the variability of the 
length, the head restraint, the loading type and the structural system (single isolated pile 
or group pile) are done in this research.
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5.2 Definition of the soil properties and pile properties
5.2.1 Soil properties
The soil that is used in this study is defined as a homogenous soil, which is medium 
dense sand below the water table. Based on Terzaghi and Peck (1967) and Perloff and
Baron (1976), the properties of medium dense sand considered are as follows: saturated
unit weight, ysat = 18.85 kN/m^, angle of internal friction, (j> = 32° and coefficient of 
Rankine active earth pressure, Ka = 0.31. The effective unit weight of the soil due to the 
submergence can be considered from the value of saturated unit weight of soil, ysat and 
unit weight of water, yw as follows:
y  ~  Ysat "Yw
=18.85-9.81 = 9.04 (kN/m^). [5.1]
The other properties that needed to be determined are modulus of subgrade reaction, k 
and coefficient of earth pressure at rest, Kq. Wang and Reese (1993) recommended that 
they are k = 16,300 kN/m^/m and Ko = 0.4 respectively for this type of soil.
5.2.2 Pile properties
The pile properties used in this study are determined as hollow circular section steel pile 
HSS 406x13 Class C; CSA-G40.20 Standard (Canadian Institute of Steel Construction 
2001). The moment of inertia, I of the cross section is 305x10° mm' ,̂ cross sectional area, 
A is 15700 mm^, diameter of pile, b/D/B is 406 mm, plastic section modulus, Z is 
1970x10^ mm  ̂ and the modulus of elasticity, E is 200 GPa (grade CSA-G40.21 350W). 
The pile is made of weldable steel that has the yield strength of 350 MPa.
Determination of plastic or elastic section of steel pile as per recommendation of CISC 
2001 (CSA S16-01):
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For circular hollow section of pile: 
For class 1 plastic section:
£ < 1 ^  [5.2]
t Fy
where D = 0.406 m 
t = 12.7 mm 
Fy = 350 MPa




So, this HSS steel pile section is Class 1 plastic section.
Therefore, the resisting moment capacity Mr of this HSS Class 1 plastic steel pile section 
is determined as (CISC 2001 -  CSA 2001):
Mr = 0.9Fy Z
= 0.9x350x 1970.10^
= 620x10^ (N-mm)
= 620 (kN-m). [5.3]
The soil properties and pile properties used in this study are summarized in Table 5.1.
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Table 5.1 Soil properties and pile properties
Soil properties
Soil type: Medium dense sand below water table 
Submerged unit weight 9.04 kN/m^
Angle of internal friction 32°
Rankine coefficient of active earth pressure Kg: 0.31 
Modulus of subgrade reaction k: 16,300 kNW/m 
Coefficient of earth pressure at rest Kq: 0.4
Pile properties
Pile type: HSS 406x13 Class C; CSA-G40.20 Standard 
(Canadian Institute of Steel Construction 2001) 
Grade: CSA-G40.21 3SOW 
The moment of inertia I: 305x10° mm"*
Cross sectional area A: 15700 mm^
Diameter of pile b: 406 mm 
Thickness of wall: 12.7 mm 
Plastic section modulus: 1970x10^ mm^
The modulus of elasticity E: 200 GPa 
The yield strength Fy: 350 MPa.
t = 12.7 mm
b = D = 406 mm
Figure 5.1 Section of pile.
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5.3 Definition of the length of the pile
The behaviour of laterally loaded piles depends on their length. The classification of piles 
into long and short piles implies their different applications and different form of 
deformability. The evaluation of a length of laterally loaded pile embedded in a soil 
described by p-y curve can be done by means of the relative stiffness factor T proposed 
by Matlock and Reese (1960). It depends on the type of loading (lateral force Ht or the 
bending moment Mt), type of pile head constraints (limitations), bending stiffness of the 
pile El and the top horizontal displacement yt. The relative stiffness factor T is equivalent 
to the characteristic length of a pile Xc (for cyclic) and Xs (for static) when analyzed in the 
scope of linear elastic theory. The lateral loading (Ht and Mt) that is associated with the 
top lateral displacement yt can be determined by means of the characteristic load method 
proposed by Evans and Duncan (1982). When the pile of bending stiffhess El embedded 
in p-y soil is subjected to horizontal force Ht that is applied at top of free or fixed head 
pile, then
T = 3 f ^  [5.4]
When pile of bending stiffhess El subjected to bending moment Mt to the free head pile’s 
top the relative stiffness factor T is defined as:
T = 2 K ^  [5.5]
fByMt
where T = relative stiffhess factor (unit length) of pile,
yt = top lateral deflection of pile,
El = bending stiffness of pile,
Ht, Mt = lateral force, bending moment applied at top of pile respectively. 
Ay = 2.43 for a free head pile,
= 0.93 for a fixed head pile.
By = 1.62.
54
Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.
The characteristic load and moment method of Evans and Duncan (1982) enables us to 
determine Ht and Mt (in Eqs. (5.4) and (5.5)) for any value yt needed. The characteristic 
shear load He and characteristic moment Me are defined as:





where I = moment of inertia of a pile,
B = width of pile,
X = constant that describes type of p-y curve,
Ri = moment of inertia ratio,
Gp = representative passive pressure of soil,
E = modulus of elasticity of pile material,
£ 5 0  = strain at which 50% of soil strength is mobilized,
m, n = constants depend on type of characteristic load and type of soil.






Representative passive pressures, Gp (in Eqs. (5.6) and (5.7)) of soil are the following:
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cjp =2Cp^y'Btan^ 45” +
where, Cp,|, = <|)/10
l/ = 9.04kNW
ap = 2





The constant, A, that describes type of p-y curve in Eqs. (5.6) and (5.7) is:
A. = 1.0 for sand
The strain at which 50% of soil strength is mobilized for investigated soil is taken as:
850 -  0.002 (COM624P, 1993)
The constants m, n depend on type of characteristic load and type of soil and are defined 
as :
m = 0.57 for shear 
= 0.40 for moment 
n = -0.22 for shear 
= -0.15 for moment
Now, the characteristic shear load. He can be determined as:
He = l
76.45.0(0.406)^ (2 0 0 x1 0^ ) 0.231- ,
 ̂ ^ \  200x10^ (0.23)
n O.57
(0 .0 0 2 ) - 0.22
= 15075 kN
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and the characteristic moment, Me results in:
, n0.40
Me = 1.0(0.406)^ (200x1 o 4 o .2 3 J   7 (0.002)“”-'^
 ̂ ^ \  200x10^(0.23)J
= 38012 kN
For lateral force applied to the free head pile, the required parameters are the following:
yt/b = 0.17, (Ht/Hc)static = 0.01338 (Evans and Duncan 1982)
Cyclic to static ratio = 0.711104 (conversion factor from static to cyclic type)
(H,/Hc)cydic = 0.01338 X 0.711104 
-0.0095146
(Ht)cyciic = 0.0095146 X 15075 
= 143.43 kN
yt = 0.17x0.406 = 0.06902 m




 ̂0.06902x200x10^ x0.000305 ̂ ' 
2.43x143.43
T = 2.29 m (for lateral force acting on free head pile).
For bending moment applied to the free head pile, the required parameters are the 
following:
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yt/b = 0.12, (Mt/Mc)static = 0.012875 (Evans and Duncan 1982)
Cyclic to static ratio = 0.948107 (conversion factor from static to cyclic type)
(Mt/Mc)cyciic = 0.012875 x 0.948107 
= 0.012207
(Mt)cyciic = 0.012207x38012 
-  464.02 kN
yt = 0.12x0.406 = 0.04872 m
Relative stiffness factor for bending moment applied to the free head pile based on Eq.
(5.5) is:
T =
0.04872x200x10^ x0.000305 ̂  
1.62x464.02
T = 1.99 m (for bending moment acting on free head pile).
For lateral force applied to the fixed head pile:
yt/b = 0.02, (Ht/Hc)static = 0.00792 (Evans and Duncan 1982)
Cyclic to static ratio = 0.943954 (conversion factor from static to cyclic type)
(Ht/Hc)cyciic = 0.00792 X 0.943954 
= 0.007476
(Ht)eyciic = 0.007476 X 15075 
= 112.70 kN
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Yt = 0.02 X 0.406 = 0.00812 m





T = 1.68 m (for lateral force acting on fixed head pile)
The values of T used in investigations of laterally loaded piles with for different 
constraint conditions are the following:
T = 2.29 m for free head pile subjected to lateral force,
T = 1.99 m for free head pile subjected to bending moment,
T = 1.68 m for fixed head pile subjected to lateral force.
The length of piles both single isolated pile and pile group are presented in tabular form 
in Table 5.2.
Table 5.2 The length of piles included in the analysis
Pile constraint Free head Fixed
head
Load type F(kN) M (kN-m) F(kN)
T 2.29 m 1.99 m 1.68 m
Single isolated pile length (m)
Short pile
2T 4.58 3.98 3.36
3T 6.87 5.97 5.04
4T 9.16 7.96 6.72
4.5T 10.31 8.96 7.56
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Long pile
5T 11.45 9.95 8.40
6T 13.74 11.94 10.08
7T 16.03 13.93 11.76
ST 18.32 15.92 13.44
9T 20.61 17.91 15.12
lOT 22.90 19.90 16.80
Group pile length (m)
lOT 22.90 19.90 16.80
5.4 Pile head constraints and loads
The types of pile head constraints and loads investigated in this analysis are:
• Free head (rotation occur at the top of the pile) single isolated piles and pile
groups (3x3) subjected to lateral forces and bending moments at the top of the
piles.
• Fixed head (rotation does not develop at the pile head) single isolated piles and 
pile groups (3x3) subjected to lateral forces at the top of the piles.
5.4.1 Pile head constraints and loads for single pile
The models of single pile employed in the investigations are shown in Fig. 5.2. The 
figure exhibits after applying the lateral force, F or bending moment, M, pile deflects of 
magnitude y and accordingly the soil reaction, p develops at the interface of pile-soil 
system.
The assessment of values of the external load F or M used in the investigation is 
conducted by performing an examination of a set of numerical results of the applied 
external loads F or M vs. generated top lateral deflection, yt. The outcomes of this study 
are shown in Figs. 5.3 -  5.8. It is interesting to see that short pile generates the different 
deflection that is varies with the length of the pile with the same applied load while the
60
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F
X
Free head p-y pile- 
soil model subjected 
to lateral force
yt
Free head p-y pile- 
soil model subjected 
to bending moment
0t=O
Fixed head p-y pile- 
soil model subjected 
to lateral force
Figure 5.2 Single pile models embedded in p-y soil employed in determination of lateral force, F 
and bending moment, M used in numerical investigations.
long pile creates the same performance curve that is independent of length of pile with 
the same load applied. The relationship F or M vs. yt shown in Figs. 5.3 -  5.8 clearly 





0 0.02 0.04 0.06
is—4T
Displacement at top of pile (m)
Figure 5.3 External force F vs. generated top lateral deflection for free head short pile subjected
to lateral force.
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Displacement at top of pile (m)
*— 7T





t o  100  -
50 -
0 0.005 0.01 0.015 0.02 0.025
Displacement at top of pile (m)
4— A'Y
Figure 5.5 Extemal force F vs. generated top lateral deflection for fixed head short pile subjected
to lateral force.
The results presented in Figs. 5.3 -  5.8 are useful in further analysis when yt with 
corresponding values of F is transformed to the p-y curve constructed for x « 0 that is as 
close as possible to the soil surface. The development of p-y curve can be done at any 
depth by performing the procedure described in preceding chapter. The p-y curves have 
been constructed for different length of pile under different pile head constraints at 
almost top of the surface that means as close as possible to the soil surface. The points of
62










0 0.01 0.02 0.03
Displacement at top of pile (m)












0 0.01 0.02 0.03
Displacement at top of pile (m)
>^4.5T
Figure 5.7 Extemal bending moment M vs. generated top lateral deflection for free head short
pile subjected to bending moment.
Figs. 5.3 -  5.8 with coordinates (yt, F or M) when placed on p-y curve of x » 0 provide 
the information on the possible soil (p-y) physical phases that will develop within the soil 
adjacent to the pile. The described transformation of Figs. 5.3 -  5.8 data to the p-y curve 
for x«0 is shown in Figs. 5.9 -  5.14. As mentioned in previous chapter, there are four 
stages of soil phase in the p-y curve such as linear elastic phase, non-linear elastic phase, 
linear hardening phase and plastic flow phase. So, distributions of loads F or M used in
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analysis are pointed in the corresponding p-y curve within the range of each soil physical 
phase (Figs. 5.9 -  5.14).
I  150 
I  100
1
- ^ 5 1
_ * _ 6 T
- ^ 7 1
- ^ 8 T
1
- ^ 9 1
■ X - ^ l O T
0.01 0.02 0.03 0.04
Displacement at top of pile (m)
Figure 5.8 Extemal bending moment M vs. generated top lateral deflection for free head long
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Figure 5.9 The p-y curve for x=0.01 m with marked values of force F used in investigations for L
= 2T = 4.58 m free head single pile.
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Figure 5.10 The p-y curve for x=0.07 m with marked values of force F used in investigations for
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Figure 5.11 The p-y curve for x=0.01 m with marked values of force F used in investigations for
L = 2T = 3.36 m fixed head single pile.
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Figure 5.12 The p-y curve for x=0.05 m with marked values of force F used in investigations for
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Figure 5.13 The p-y curve for x=0.01 m with marked values of bending moment M used in 
investigations for L = 2T = 3.98 m free head single pile.
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Figure 5.14 The p-y curve for x=0.06 m with marked values of bending moment M used in 
investigations for L = lOT = 19.9 m free head single pile.
The usefulness of the display of the results (yt, F or M) on p-y curve of Figs. 5.9 -  5.14 
becomes apparent in further discussion on sensitivity results in terms of or
and their utilization for engineering applications. The non-linearity of the system besides 
results presented in Figs. 5.9 -  5.14 can also be assessed by means of the outcomes of the 
adjoint system when loaded by suitable unit load. For linear systems, all internal forces
M, V as well as deflection lines y are constant independently of the magnitude of the 
applied load (Budkowska and Szymczak 1992). However, for non-linear system, this rule 
does not apply.
5.4.2 File head constraints and loads for pile group
A pile group consisting of 9 pile members is analyzed in this research. The group of piles 
employed in this study is shown in Fig. 5.15. The piles are arranged as 3x3 group of piles 
with various distance/spacing, which are equal to 2D, 3D, 4D and 5D. The length of the
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pile is equal to lOT as shown in Table 5.2. The piles in group are tied together by pile cap 
which is made of reinforced concrete with modulus of elasticity = 2.8x10^ kPa and 
Poisson’s ratio = 0.2. The thickness of the pile cap is equal to 1.5 m. Each pile member 
has the same section properties as in the single pile defined in previous section and 
surrounding soil of the pile is sand below water table that is also defined in earlier 
section. The pile members within the pile group are distributed into three rows, namely a 
leading row (marked as A), the first trailing row (row B) and the second trailing row (row 
C). Because the piles in each row carry the same load that is the fraction of load applied 
in the group, the same manner can be employed for the notation of the force applied at 
each pile member. Fa is the force applied to pile member in leading row, Fb is the force 
applied to pile member in the first trailing row and Fc is the force that is applied to 








Figure 5.15 Arrangement of piles in a pile group and the corresponding load for every pile
member.
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The group lateral load, Fg and group bending moment, M q for different distance/spacing 
of piles in group are need to be determined in such a way that when applied to the pile 
group should produce the same displacement as the result of the lateral loads F and M 
that are applied to the single pile in order to compare the results of pile groups analysis 
and single piles analysis. The curves of top lateral displacements vs. series of lateral loads 
for single pile and pile groups were developed. It allowed to determine lateral loads Fq 
and M q for pile group that generate the same deflection as suitable laterally loaded single 
piles that already have been investigated (with the results shown in Figs. 5.16 -  5.24). To 
develop these curves the single piles are analyzed by COM624P as specified before and 
the pile groups are analyzed by FB-Pier with introducing p-multiplier factors, f„. The 
input data for this analysis are presented in Appendix A.l -  A.2. The p-multiplier factors, 
ftn are applied for the pile group using the curves presented in Fig. 2.3 of chapter II. The 
values of fm used in this analysis are presented in Table 5.3.







2D 0.44 0.56 0.76
3D 0.58 0.67 0.82
4D 0.72 0.78 0.88
5D 0.86 0.89 0.94
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O Groyp pils, Plte dfetanm=2D 
!* Group pite, Pile dfetanea=3D 
+  Group pile. Pile dfetan»=4D  
»  Group pile, Plte 4 
Slnglg pile______
Figure 5.16 Extemal force Fq v s . generated top lateral deflection for free head pile group with 
comparison to single pile subjected to lateral force that results in the non-linear elastic soil phase
near the soil surface.
O Group plte, Plte dfatano8=2D j 
X Group plte, Plte dtetanc»=3D | 
+ Group plte, R b  dtetance=4D | 
*  Group plte, Rte dfetance=5D j 
Single plte
Figure 5.17 Extemal force Fq v s . generated top lateral deflection for fixed head pile group with 
comparison to single pile subjected to lateral force that results in the non-linear elastic soil phase
near the soil surface.
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O Group pile, Plte dfelanos=£D 
X Group plte, Plte dtetanc»=3D 
+  Group plte, Pife dfetano»=4D 
*  Group pib, Rte dblanoe=5D 
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Figure 5.18 Extemal bending moment M q v s . generated top lateral deflection for free head pile 
group with comparison to single pile subjected to bending moment that results in the non-linear




O Group pib, Plte distancs=2D 
X Group plte, R b  dlstancs=3D 
+ Group plte, Plte dlstanca=4D 
» Group plte, Plte dfetanoB=5D 
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Figure 5.19 Extemal force Fq vs. generated top lateral deflection for free head pile group with 
comparison to single pile subjected to lateral force that results in the linear hardening soil phase
near the soil surface.
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Group pib, Pile dbtoos=2D
!« Group pib, PIte dlstanoB=3D
+ Group pib, Pits d1stanca=4D
« Group pib, PIte dfetancsi=SD
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Figure 5.20 External force Fg vs. generated top lateral deflection for fixed head pile group with 
comparison to single pile subjected to lateral force that results in the linear hardening soil phase







O Group plte, PIte dte1ance=2D 
« Group pib, Fife dis1ancs=3D 
+ G roup pib, Plte d fetanos=4D 
«  Group pile, Plte dtetancs=5D 
-Q- Single plte______________
100 V
0.007 0.008 0.009 0.01 0.011 0.012 0.013 0.014 0.015 0.016
(m)
Figure 5.21 External bending moment Mq vs. generated top lateral deflection for free head pile 
group with comparison to single pile subjected to bending moment that results in the linear 
hardening soil phase near the soil surface.
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O Group pile, Rte db1atic»=2D 
.* Group pite, Pite dtetancs=3D 
+  Group pile, Plte d1stanc»=4D 
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-Q - Single plte______________
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Figure 5.22 External force Fg vs. generated top lateral deflection for free head pile group with 
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Figure 5.23 External force Fq vs. generated top lateral deflection for fixed head pile group with 
comparison to single pile subjected to lateral force that results in the plastic flow soil phase near
the soil surface.
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Figure 5.24 External bending moment Mg vs. generated top lateral deflection for free head pile 
group with comparison to single pile subjected to bending moment that results in the plastic flow
soil phase near the soil surface.
5.5 Computer tools used in the analysis of sensitivity performance of laterally 
loaded single piles and pile groups
The developed (in Chapter IV) theoretical formulation of sensitivity analysis to 
investigate the sensitivity performance of laterally loaded piles requires the knowledge on 
the distributions of deflection, bending moment and soil reaction along the length of the 
pile. The computer programs employed for this purpose are COM624P version 2.0 
(Wang and Reese, 1993) and FB-Pier version 3.0 (2003). Both of these computer 
programs use the p-y curve of Reese et al. (1974) defined in Chapter III. MATLAB and 
Excel programs are also incorporated in the sensitivity investigations. The overview of 
the programs are discussed in the following:
COM624P version 2.0
COM624P version 2.0 was developed by Wang and Reese (1993). In this program, the p- 
y curve method is employed to analyze the pile subjected lateral loading. This program
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involves the beam-coiumn equation that is solved by finite difference method. The 
COM624P program can determine the lateral deflection, rotation, bending moment, 
shearing forces and soil reactions along the length of the pile using an iterative process 
that considers the non-linear response of the soil surrounding the pile. This program can 
be used to analyze not only the laterally loaded single pile with various types of pile head 
conditions and various types of loadings, but also the group piles by applying the p- 
multiplier factors to the pile members.
FB-Pier Program version 3.0
The University of Florida, Bridge Software Institute (BSI) with the support of the Florida 
Department of Transportation and the Federal Highway Administration developed FB- 
Pier version 3.0 (2003). The program also employs p-y soil-pile model, but it uses non­
linear FE method for analyzing the pile-soil structure. This program is a complete 
substructure design program that includes both geotechnical and structural aspects of 
foundation and pier design. Combined axial, lateral and flexural rotation resistance of the 
pile/shafts, pile cap and pier components can be analyzed by this program. The 
comparative analysis of the system by both programs requires suitable modifications and 
interpretations of some parameters and constraints.
MATLAB and Excel
MATLAB and Excel programs have been used for the whole sensitivity analysis that was 
developed for the functions required by sensitivity analysis of laterally loaded piles were 
determined by means of COM624P program and FB-Pier program. The writer developed 
the program for analyzing the sensitivity of performance of laterally loaded piles that 
incorporates besides COM624P and FB-Pier also MATLAB and Excel programs. The 
flow chart of this full-fledged analysis is presented in the Figs. 5.25a and 5.25b. The 
process of conducting the numerical investigations of the sensitivity performance of 
laterally loaded single isolated piles as well as pile groups embedded in sand below water 
table is presented in this flow chart. Some of steps are discussed in previous sections and 
the remaining in the following chapter.
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D e f in e  Soil properties:
» S u b m e rg e d  u n i t  w e ig h t  y  
® A n g le  of internal friction <}»
• Modulus of subgrade reaction k
• Rankine active earth pressure K,
Define Pile properties:
® Modulus of elasticity E 
® Moment of inertia I
• Width/diameter of pile b
• Cross sectional area A
Define Load type:
® Lateral force F 
e Bending moment M 
• Cyclic
Define Constraint type:
• Free head pile
• Fixed head pile
Calculate the value of T
(Matlock and Reese 1960)
Length of piles:
Short piles: 2T, 3T, 41 & 4.5T 
Long piles: 5T, 6T, 11, 8T, 9T & lOT
Length of piles:
lOT
Define pile arrangement & spacing:
• 3x3 piles
• Spacing 2D, 3D, 4D & 5D
Define p-multiplier
(Mokwa & Duncan 2001)
Define pile cap properties:
• Thickness
• Modulus of elasticity
Analysis of laterally loaded single p i le
(COM624P Program)
Analysis of l a t e r a l ly  loaded pile groups
(FB-Pier Program)
Determine the values 
of loads F & M for 






® F-y,op curve 
® M-ytop curve
Determine the values 
of loads F & M for 




Figure 5.25 Flow chart of sensitivity analysis of performance of laterally loaded piles (contd.).
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Conclusions
Analysis
Define the models 
of primary and 
adjoint structures
Define the models 
of primary and 
adjoint structures
Calculate the value of P 
along length of pile
(MATLAB)
Analysis of laterally loaded 
pile groups
(MATLAB, EXCEL)





Calculate the percentage contribution 
of each design variables
(MATLAB)
Calculate the numerical integration of 
P using Simpson’s rule
(MATLAB)
Define the phase of soil;
« Linear elastic phase
• Non-linear elastic phase
• Linear hardening phase
• Plastic flow phase
Define the phase of soil:
* Linear elastic phase
® Non-linear elastic phase 
® Linear hardening phase
• Plastic flow phase
Find distributions of
y, M, p along the length of pile for primary structure 
y,M,p along the length of pile for adjoint structure
Figure 5.25 Flow chart of sensitivity analysis of performance of laterally loaded piles.
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CHAPTER VI
SENSITIVITY ANALYSIS OF THE PERFORMANCE OF SINGLE PILES AND
PILE GROUPS
6.1 Sensitivity performance of laterally loaded single piles embedded in p-y sand 
subjected to cyclic loading
6.1.1 Scope
The sensitivity analysis of the performance of laterally loaded single piles embedded in 
p-y sand done in this study contains the following:
1. Sensitivity analysis of maximum top lateral deflection and maximum flexural angle 
of rotation for free head piles under lateral forces applied at top of the pile.
2. Sensitivity analysis of maximum top lateral deflection for fixed head piles under 
lateral forces applied at top of the pile.
3. Sensitivity analysis of maximum top lateral deflection and maximum flexural angle 
of rotation for free head piles under bending moments applied at the top of the pile.
The length of 2T, 3T, 4T, 4.5T for short pile and 5T, 6T, 7T, 8T, 9T, lOT for long pile 
are employed in this analysis as shown in Table 5.2 in earlier chapter. The investigations 
of piles of length 2T and lOT are presented in this thesis (2T represents a short pile and 
lOT is considered as a long pile). However, the final discussion refers to the whole 
spectrum of short pile and long pile that is presented in generalized form. It is important 
to note that the cyclicity of the applied load is considered implicitly here and nature of 
cyclic load is of quasi-static type.
6.1.2 Model of primary structure and adjoint structure used in sensitivity 
investigations of single pile
The model of primary structure is the pile-soil model used in determination of lateral 
force, F and bending moment, M. The models of primary and adjoint structure that are
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employed in the sensitivity analysis are shown in Fig. 4.1. The determination of 
deformations and internal forces of the adjoint structure associated with any state of 
deformation of the primary structure is obtained as the result of validity of superposition 
principle in the vicinity of any loading applied to the primary structure. The concept of 
various kinds of loading (lateral force and bending moment) applied to primary structure 
and corresponding non-linear adjoint structure is presented in Figs. 6.1, 6.2, 6.3 and 6.4.
The adjoint structure is a non-linear virtual structure that has physical parameters and 
design variables the same as primary structure but subjected to a virtual unit generalized 
load at top of structure. Figs. 6.1 -  6.4 represent the way to calculate the stresses and 
deformations of adjoint structure that are needed for sensitivity calculation. In the Figs.
6.1 -  6.4, (a) is the primary structure, (b) is the adjoint structure while (c) and (d) are the 
auxiliary systems used to calculate the internal forces and deformations required for the 
adjoint structure. The relationship between (b), (c) and (d) comes out as following:
( b ) = M z M
The developed model of non-linear adjoint structure requires that the generalized unit
load 1 be applied to the adjoint system being in the state of deformation corresponding to 
the primary structure. This requirement is simplified by introducing two auxiliary
systems (denoted as (c) and (d) in Figs. 6.1 -  6.4). They are loaded by the loads (f + 1) or 
(m + i) and ( f - i )  or (m - i)  respectively. The suitable subtraction of the results of 
auxiliary systems provides sought solution of the non-linear adjoint structure. Fig. 6.1 
shows how the internal forces and deformations are calculated for the case that both the 
primary structure and the adjoint structure are subjected to lateral force. In (c) and (d), a 
positive and a negative unit force are applied in addition to force, F, which is applied to 
the primary structure. Figs. 6.2, 6.3 and 6.4 present the ways to calculate the internal 
forces and deformations required for §yt and 50t while the primary and adjoint structure 
are subjected to lateral force and bending moment for finding out 50t, bending moment
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and lateral force for finding out 8yt and bending moment and bending moment for finding 
out 50t respectively. The deflection of the adjoint structure, y , the bending moment, M 







The symbols yc, Me and pc are defined as the pile lateral deflection, bending moment and 
soil reaction of the pile structure shown in Figs. 6.1(c), 6.2(c), 6.3(c) and 6.4(c) while ya, 
Md and pd are defined as the pile lateral deflection, bending moment and soil reaction of 








F i g u r e  6.1 Application of the unit force (employed in sensitivity analysis of top l a t e r a l  deflection 
yt) to the non-linear adjoint pile structure being in the state of deformation corresponding to free 
or f i x e d  head primary structure subjected to lateral force, F.
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Figure 6.2 Application of the unit bending moment (employed in sensitivity analysis of pile head 
angle of flexural rotation) to the non-linear adjoint pile structure being in the state of deformation 
corresponding to free head primary structure subjected to lateral force, F.








Figure 6.3 Application of the unit force (employed in sensitivity analysis of pile head lateral 
deflection) to the non-linear adjoint pile structure being in the state of deformation corresponding 
to free head primary structure subjected to bending moment, M.
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M a=M +l Mb=M-l







Figure 6.4 Application of the unit bending moment (employed in sensitivity analysis of pile head 
angle of flexural rotation) to the non-linear adjoint pile structure being in the state of deformation 
corresponding to free head primary structure subjected to bending moment, M.
6.1.3 Sensitivity analysis and numerical assessment of the performance of single 
pile
The graphical presentations of the sensitivity analysis of maximum values of kinematic 
performance and the numerical assessments for laterally loaded single piles are presented 
in Appendices B, C, D, E, F and G. The discussions of the results are presented in 
Chapter VIII.
6.2 Sensitivity performance of laterally loaded pile groups embedded in p-y sand 
below water table subjected to cyclic loading
6.2.1 Scope
The sensitivity analysis of pile groups is conducted in this study as follows:
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Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.
1. Sensitivity analysis of maximum top lateral deflection for free head and fixed head 
pile groups subjected to lateral forces applied at top of the pile group cap.
2. Sensitivity analysis of maximum top lateral deflection for free head pile groups 
subjected to bending moments applied to the bottom of the pile group cap.
Pile group consists of 9 pile members that are arranged in 3x3 group of piles with various 
distance/spacing equal to 2D, 3D, 4D and 5D. The length of the pile members is equal to 
lOT. File members in the group are distributed into three rows that is a leading row (row 
A), the first trailing row (row B) and the second trailing row (row C). The forces applied 
to pile member in leading row are denoted as Fa, the forces applied to pile member in the 
first trailing row are called Fb and the forces that are applied to the pile members in the 
second trailing row defined as Fc. The forces F a , F b and Fc form a fraction of load 
applied to the group, Fg.
6.2.2 Model of primary structure in pile group for sensitivity analysis of maximum 
kinematic performance
The distributions of group lateral force, F q and group bending moment, M q (applied to 
the pile group cap) in each pile members are dependent on the values of the p-multiplier. 
These p-multipliers depend on the spacing between pile members and the location of the 
pile member in the group arrangement. The purpose of the p-multiplier is to take into 
account the group effect (Mokwa and Duncan 2001). The p-multipliers become smaller 
and smaller as the pile member going backward to the direction of the group load Fq or 
Mo. The p-multipliers decreases as the contributions of the pile members to resist the 
lateral load decrease. Consequently, Fa (lateral force carried at the leading row) is bigger 
than Fb (the lateral force carried at the first trailing row) and Fb is bigger than Fc (the 
lateral force at the second trailing row). This is commonly known as shadowing effect 
that means the leading row resists more load while the next trailing rows have smaller 
resistance being in the shadow of the leading row. The p-multipliers are constant along 
the depth of pile for a specified row. The p-multipliers increase as the spacing of the pile 
members within the group increases. The group piles are analyzed with p-multiplier f„ 
applied for each row by means of FB-Pier program.
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6.2.3 Model of adjoint structure of pile group for sensitivity analysis of maximum 
kinematic performance
The distribution of lateral load Fg to each pile member presented in Fig. 5.15 of Chapter 
V constitutes a basis to determine a force Fqj applied to the adjoint group pile structure.
Application of the force, Fqj to the adjoint pile group structure guarantees a unit
generalized load 1 is applied to the pile member which is under investigation in 
kinematic performance sensitivity analysis. The output of FB-Pier allows to extract a pile 
member from pile group in order to be employed in the sensitivity analysis.
The value of Fqi that is applied to the adjoint pile group system is determined based on
the distribution (i.e. solution) of load Fg applied to the primary group pile structure. Fg is 
transferred to the pile members A, B and C of the amount of forces Fa, Fb and Fc 
respectively. Postulating the validity of proportionality law, the adjoint load Fqi applied 
to the adjoint pile group structure can be determined. For instance, in the case of an 
analysis of the pile member A, a lateral force 1 is required to be subjected to the adjoint 
pile member A whereas the force Fg applied to the primary pile group structure results 
in forces Fa , F b and Fc applied to the members. Thus, it is postulated that this 1 load is 
proportional to Fa- This implies that the pile member B in the adjoint pile group system
should be subjected to the load equal to 1 ■ , whereas pile C should support the load
equal to 1 Based on this logic, the force Fqi can be determined and applied to the
adjoint pile group cap when conducting the sensitivity analysis of the performance of pile 
A. The same concept can be used in the determination of Fqj when conducting the 
sensitivity analysis of pile B and pile C. This concept is graphically presented in Fig. 6.5.
In order to maintain the nonlinear character, the adjoint pile group structure subjected to 
Fqi has to be in the same state of deformation corresponding to the primary pile group
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structure. This is obtained by subtracting the solutions resulted from Fq from the 
solutions resulted from Fq + Fqj that is presented in Fig. 6.6.
mi = 3(i+i-FB/Fa+1-Fc
c B A
Figure 6.5 The distribution of lateral force Fqi among the pile members in the adjoint pile group
structure.
! 2 V 5yf =








Figure 6.6 The method of application of Fqj to the adjoint pile group structure being in the state 
of deformation of the primary pile group structure corresponding to the application of load Fg
during the investigations of 5yf and 5y^ .
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6,2.4 Sensitivity analysis of kinematic performance and numerical assessment for 
pile group
The results of the sensitivity analysis of top lateral displacements 5yt for pile member C 
(second trailing row) of group 3x3 piles with length L = lOT and spacing = 3D when 
subjected to group lateral forces Fg and numerical assessment are presented in 
Appendices H, I, J and K. The discussion of the result is presented in Chapter VIII.
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CHAPTER VII 
VERIFICATION AND CORRELATION OF RESULTS
7.1 Verification of results
The change of deflection does vary linearly with the change of design variable based on 
sensitivity equation (Eq. 7.1), but the actual deflection (based on analysis of piles using 
computer program) change does not vary linearly. The numerical investigation in this 
study requires many analysis of laterally loaded piles due to series of node points (301 
node points) of pile and loads that highly possible to be miscalculated. The verification of 
the result of the sensitivity analysis is quite necessary to check the error due to linearity 
and non-linearity of change of deflection with the change of design variable. The results 
of the sensitivity analysis can be verified by introducing a certain amount change of the 
design variables and compare the deflection changes based on the sensitivity analysis 
with the actual change (based on computer program). FB-Pier program was used to 
calculate the actual change of deflection due to change of any design variables. FB-Pier 
program was engaged to counter check the results of single pile, which are based on 
COM624P. So, by using the program FB-Pier in the verification, it is possible to check 
the error in sensitivity analysis and the results of COM624P.
To calculate the actual change, first determine the top deflection corresponding to initial 
input design variables and then increase or decrease some percentage of any one variable 
by keeping constant other design variables and recalculate the deflection at top of pile. 
By subtracting the top deflection from above two results, the actual change in top 
deflection due to change of corresponding design variable can be determined. The 
following example is helpful to calculate the actual change:
Actual change in top 
deflection due to change 
of design variable El
Actual change in top 
deflection due to change 
of design variable b
Top deflection 
corresponding to 
El + 5EI (% of El)
Top deflection 
corresponding to b
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Actual change in top Top deflection Top deflection
deflection due to change = corresponding to ■/ ” corresponding to
of design variable / + 5 /  (% o f / ) initial input /
Actual change in top Top deflection Top deflection
deflection due to change = corresponding to <j> - corresponding to
of design variable (j) + 6(t) (%of(|)) initial input (j)
Actual change in top Top deflection Top deflection
deflection due to change corresponding to k - corresponding to
of design variable k + 6k (% of k) initial input k
To calculate the predicted change, use the sensitivity equation based on quantitative 
assessment from Eq. 4.37 as describe below:
i,S y  = WEf ^  + Wb^ —
J' El El b b
 —  + w ‘  ̂—  a .  w"y
<t> K,
+ : > ^ [7.1]
The determination of the predicted change in the top lateral deflection due to change in 
any design variable, requires extracting of a suitable portion of the calculated quantitative 
assessment W associated with the desired design variable. Then the determined value of 
W should be multiplied by the percentage change in the design variable in order to get the 
predicted change in deflection. It is obvious that the required assessment of sensitivity 
performance of the pile-soil system is conducted for a specified value of load applied to 
the system. More details on the conducted procedure are schematically below:
Predicted change in top 
deflection due to change 







Predicted change in top 
deflection due to change 
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Predicted change in top 
deflection due to change 







Predicted change in top 
deflection due to change 







Predicted change in top 
deflection due to change 








The percentage error was calculated for each design variable as:
Predicted change -  Actual change
% Error  --------------------------------------------------  x 100
Actual change
[7.2]
Review of Eq. 7.1 shows that values of constant in the vicinity of the applied
load. Consequently, the assessment of 5y due to 5(design variable)N based on sensitivity 
formulation is linear in the vicinity of the applied load. The actual change of the 
performance of the system due to the changes of the design variables can be obtained 
from the direct analysis. It is clear that the direct results are non-linear whereas those 
obtained from sensitivity analysis (Eq. 7.1) are linear for the constant load conditions. 
The sensitivity analysis has this advantage over the direct computation of changes of the 
performance of the system due to the changes of the design variables, that the former 
provides the information on how the changes of the design variables are distributed along 
the pile. The latter method (actual method) is unable to do it. The discussion shows that 
the results of 5(generalized displacement) due to 6(design variable) are not same. The
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Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.
difference between two results when defined by Eq. (7.2) is called the error of analysis. 
The analysis of error shows for what value of 5 (design variable) the results of 
5(performance) is considered as acceptable. The errors are occurring when checking the 
difference of actual change in lateral deflection and the predicted change when calculated 
from quantitative assessment W of sensitivity analysis. It is important to check the error 
in sensitivity calculation in order to get a dependable result. Tables 7.1 -  7.5 show the 
percentage error of change of top lateral deflection calculated with the change of 
percentage of design variable xmder variable loadings for each design parameter for free 
head single pile with the length, L -  lOT = 22.9 m:
Table 7.1 Error analysis of change of lateral deflection due to the change of bending stiffness, El




0.10% 1% 5% 10% 15% 20% 25%
Load
36 kN -0.94 -0.17 3.17 7.33 11.47 15.60 19.70
49 kN -0.75 0.01 3.35 7.52 11.67 15.83 19.96
67 kN -0.72 0.02 3.30 7.37 11.43 15.48 19.51
Table 7,2 Error analysis of change of lateral deflection due to the change of the width of the pile,
b




0.10% 1% 5% 10% 15% 20% 25%
Load
36 kN -0.35 -4.45 -5.58 -8.98 -13.82 -18.23 -25.82
49 kN -2.83 -4.84 -6.04 -9.59 -13.79 -18.96 -24.55
67 kN -0.99 -1.62 -4.01 -8.67 -13.92 -19.26 -25.49
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Table 7.3 Error analysis of change of lateral deflection due to the change of the submerged unit
weight of soil, y'




0.10% 1% 5% 10% 15% 20% 25%
Load
36 kN 0.28 0.77 5.76 10.44 15.13 19.82 24.51
49 kN 1.96 4.49 7.66 12.32 16.96 21.63 26.30
67 kN 3.69 4.23 7.05 11.41 15.78 20.14 24.52
Table 7.4 Error analysis of change of lateral deflection due to the change of the angle of internal
friction, <j)




0.10% 1% 5% 10% 15% 20% 25%
Load
36 kN -7.91 -5.81 -1.68 3.71 9.18 17.30 36.18
49 kN -6.28 -3.60 -0.07 5.35 10.81 16.55 22.18
67 kN -4.47 -4.27 -0.90 3.91 8.90 14.10 19.63
Table 7.5 Error analysis of change of lateral deflection due to the change of the modulus of
subgrade reaction, k




0.10% 1% 5% 10% 15% 20% 25%
Load
36 kN -5.84 -5.48 -3.90 1.45 7.92 12.94 19.92
49 kN -5.71 -5.51 -4.04 -1.93 5.49 10.42 16.41
67 kN -8.17 -8.09 -6.93 -1.93 5.49 10.42 16.41
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Figs. 7.1 -  7.10 show that the nature of variation of actual changes and predicted changes 
(calculated from quantitative assessment, W) of the top lateral deflection with the change 
of design variables. Studying those curves, it can be understood how long the first 
variation of the performance of laterally loaded piles determined based on the sensitivity 
assessment is applicable and how much the design variables could be changed in order to 
consider the performance function sufficiently accurate.
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Figure 7.1 Variation of actual change (calculated directly by computer program) and predicted 
change (calculated from sensitivity quantitative assessment) of top deflection of pile with the 









Figure 7.2 Variation of actual change (calculated directly by computer program) and predicted 
change (calculated from sensitivity quantitative assessment) of top deflection of pile with the 
change of design variable, b subjected to lateral force, F = 36 kN.
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Figure 7.3 Variation of actual change (calculated directly by computer program) and predicted 
change (calculated from sensitivity quantitative assessment) of top deflection of pile with the 










Figure 7.4 Variation of actual change (calculated directly by computer program) and predicted 
change (calculated from sensitivity quantitative assessment) of top deflection of pile with the 
change of design variable, (j) subjected to lateral force, F = 36 kN.
0.00012 
0.0001 








8 k  (% )
Figure 7.5 Variation of actual change (calculated directly by computer program) and predicted 
change (calculated from sensitivity quantitative assessment) of top deflection of pile with the 
change of design variable, k subjected to lateral force, F = 36 kN.
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Figure 7.6 Variation of actual change (calculated directly by computer program) and predicted 
change (calculated f r o m  sensitivity quantitative assessment) of top deflection of pile with the 











Figure 7.7 Variation of actual change (calculated directly by computer program) and predicted 
change (calculated from sensitivity quantitative assessment) of top deflection of pile with the 
change of design variable, b subjected to lateral force, F = 49 kN.
0.002
0.0015







Figure 7.8 Variation of actual change (calculated directly by computer program) and predicted 
change (calculated from sensitivity quantitative assessment) of top deflection of pile with the 
change of design variable, y' subjected to lateral force, F == 49 kN.
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Figure 7.9 Variation of actual change (calculated directly by computer program) and predicted 
change (calculated from sensitivity quantitative assessment) of top deflection of pile with the 












Figure 7.10 Variation of actual change (calculated directly by computer program) and predicted 
change (calculated from sensitivity quantitative assessment) of top deflection of pile with the 
change of design variable, k subjected to lateral force, F = 49 kN.
7.2 Relationship between the changes in the performance of the system and the 
magnitudes of load due to the changes in the design variable
Quantitative sensitivity assessment of the change of the performance of the system, W 
(generalized form) caused by every parameter of the design variables shows a 
relationship with respect to the applied load. The magnitude of the applied load is 
classified according to the soil physical phase of p-y relationship that is developed on the
soil surface. The discussed relationship between and F associated with elastic soil
phase or hardening soil phase developed in the vicinity of soil surface except for arameter
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k are shown in Figs. B.13 -  B18, B.37 -  B.42, C.13 -  C.18 and C.37 -  C.42 in 
Appendices B and C. It is possible to correlate the quantitative assessment, W with the 
applied load for short and long piles for the specific pile head restraint conditions. 
Quantitative assessment of W for fixed head pile results in smaller value than W for free 
head pile when the pile-soil system is subjected to the same load value. Thus, there is a
need to correlate the suitable with every pile load and specific pile head
constraint. Figs. 7.11 -  7.15 show the nature of the relation for quantitative assessment, 
W and the applied force, F for the short and long piles with free head condition.
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Figure 7.11 Relationship between Wei and the applied lateral load, F (generating the elastic soil 
phase in the vicinity of soil surface) for single isolated free head piles of length 2T and lOT.
Fig. 7 .1 1  shows that the relation between W e i and the applied lateral load, F is a 
curvilinear. The regression analysis conducted leads to the conclusion that this 
relationship is a second degree polynomial for short pile having L = 2T:
W e i = le-06(F)^ + 3e-05F -  2e-05 [7.3]
Similar regression analysis performed for long pile of length L = lOT results in a third 
degree polynomial and has the following form:
W e i = -le-08(F)^ + 2e-06(F)^ -  3e-06F + 2e-05 
In Eqs. (7.3) and (7.4), W e i is in kN-m and F is in kN.
[7.4]
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Figure 7.12 Relationship between Wb and the applied lateral load, F (generating the elastic soil 
phase in the vicinity of soil surface) for single isolated free head piles of length 2T and lOT.
Fig. 7.12 shows that the relation between Wb and the applied lateral load, F is a 
curvilinear. The regression analysis conducted leads to the conclusion that this 
relationship is a second degree polynomial for short pile having L = 2T:
Wb = le-06(F)^ -  2e-06F + 2e-06 [7.5]
Similar regression analysis performed for long pile of length L = lOT results in a third 
degree polynomial and has the following form:
Wb = -le-08(F)^ + le-06(F)^ -  4e-06F -  4e-07 [7.6]
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Figure 7.13 Relationship between Wy and the applied lateral load, F (generating the elastic soil 
phase in the vicinity of soil surface) for single isolated free head piles of length 2T and lOT.
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Fig. 7.13 shows that the relation between Wf  and the applied lateral load, F is a 
curvilinear. The regression analysis conducted leads to the conclusion that this 
relationship is a second degree polynomial for short pile having L = 2T;
Wy = 5e-06(Fr + le-05F -  9e-05 [7.7]
Similar regression analysis performed for long pile of length L = lOT results in a third 
degree polynomial and has the following form:
Wy = -8e-08(F)^ + 8e-06(F)^ -  4e-05F -  2e-06 [7.8]
In Eqs. (7.7) and (7.8), Wy’ is in kN-m and F is in kN.
0.015
2T
^  0.005 lOT
Load, F (kN)
Figure 7.14 Relationship between and the applied lateral load, F (generating the elastic soil 
phase in the vicinity of soil surface) for single isolated free head piles of length 2T and lOT.
Fig. 7.14 shows that the relation between and the applied lateral load, F is a 
curvilinear. The regression analysis conducted leads to the conclusion that this 
relationship is a second degree polynomial for short pile having L = 2T:
= 9e-06(F)^ -  2e-07F - 0.0001 [7.9]
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Similar regression analysis performed for long pile of length L = lOT results in a third 
degree polynomial and has the following form:
= -le-07(F)^ + le-05(F)^ -  7e-05F + 6e-06













Figure 7.15 Relationship between Wks and the applied lateral load, F (generating the elastic soil 
phase in the vicinity of soil surface) for single isolated free head piles of length 2T and lOT.
Fig. 7.15 shows that the relation between Wxa and the applied lateral load, F is a 
curvilinear. The regression analysis conducted leads to the conclusion that this 
relationship is a second degree polynomial for short pile having L = 2T:
WKa= 3e-06(F)' + 8e-06F -  5e-05 [7.11]
Similar regression analysis performed for long pile of length L = lOT results in a third 
degree polynomial and has the following form:
WKa = -4e-08(F)^ + 4e-06(F)^ -  2e-05F -  2e-06 
In Eqs. (7.9) and (7.10), Wku is in kN-m and F is in kN.
[7.12]
For fixed head restraint condition and hardening soil phase in the vicinity of soil surface, 
quantitative assessment, W shows the same nature of relationship with applied load, F for 
short and long pile.
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CHAPTER VIII
DISCUSSION
8.1 General discussion on sensitivity of performance of laterally loaded pile
8.1.1 Introduction
The discussion is focused on the case of the sensitivity analysis of lateral deformation at 
the top of the pile with different length subjected to lateral loads. Each of the sensitivity 
integrands along with other sensitivity assessments and the physical interpretations 
(shown in Appendices B -  K) of them are also described.
8.1.2 Discussion on sensitivity integrands affecting performance of laterally loaded 
piles of length lOT due to the changes in the design variables
The magnitudes of the applied lateral force F of discrete variability are selected in such a 
fashion to take into account all physical soil phases that the p-y model is capable to 
develop on the soil surface. In the discussed pile-soil system, the p-y sand is able to 
generate four physical phases whereas the pile material is in an elastic stage that is 
confirmed by Eq. (4.1). The discrete values of forces F located on the p-y curve 
constructed for x « 0 shown in Figs. 5.9 -  5.12 of Chapter VII reveal that when F=l~3 
kN (depends on length of pile) the soil with the entire depth of the pile length is in the 
linear elastic state. Those figures also reveal that the different values of forces F such as 2 
kN, 6 kN, 12 kN, 18 kN, 24 kN, 30 kN, 36 kN and 43 kN for lOT length of free head 
single pile create the non-linear p-y response on the soil surface described by Eq. (3.6). 
This means that it is reasonable to expect that with increasing soil depth the development 
of non-linear elastic soil phase occurs (described by Eq. (3.6)) followed by linear elastic 
phase as shown in Fig. B.26.
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The set of forces F of magnitudes: 43 kN, 49 kN, 55 kN, 61 kN, 67 !<N and 73 kN for the 
same lOT length of free head single pile results in advancement of soil deformation on 
the soil surface giving the bi-linear phase (Fig. 5.10). This implies that going in depth 
along the pile axis it is anticipated to meet the soil being in non-linear elastic phase 
followed by linear elastic stage.
Reference to Fig. 5.10 that show the application to the pile-soil system the forces larger 
than F=73 kN results in expansion of further soil deformations on the soil surface giving 
rise to generation of soil plastic flow. Accordingly, proceeding with depth, the soil plastic 
flow is transformed into a bi-linear phase followed by non-linear elastic state, which 
finally passes into a linear elastic phase as described in Fig. 3.4.
In the discussion on sensitivity integrands of non-linear structures, it is worth noting that 
the p-y soil being in plastic zone is insensitive to any change of soil strength parameters. 
This is explained by the fact that p-y soil model defines plastic flow in non-unique 
fashion, i.e. for arbitrary y > y„ the soil reaction p is described by one single value pu 
which is independent of y and vice versa. Consequently, Eq. (4.4) for soil plastic flow
vanishes. The review of Eq. (4.1) shows that sensitivity integrands Pgf affecting the
change of pile head lateral deflection due to the changes of the pile bending stiffiiess El 
are valid for all values of the applied force F ranging from 2 kN to 233 kN (end load in
FvFig.5.10). The distributions of Pgf integrands for length L = lOT free head pile shown in 
Fig. B.31 of Appendix B are characterized by consistent and regular curves.
Interestingly, the effect of changes of El on 5yt are localized at the depth interval 
0 < X < 3T reaching the maximum at x=1.0T which defines the location of most sensitive 
changes of El affecting the maximum lateral deflection yt. It is worth noting that due to
Fnon-linear nature of the p-y pile-soil system, the increase of Fg[ due to variable forces F 
is also highly non-linear. The negative sign of Fg[ and other integrands means that
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the decrease of the design variable (»♦*) results in an increase of the quantity subjected to 
sensitivity analysis, e.g. yt.
The distributions of sensitivity integrands affecting the change of pile head lateral
deflection due to the changes of the width b of the pile where the soil reaction p is 
developed are presented in Fig. B.32 for same pile for the given values of force F. The
change of sign of is associated with the change of the deflection of the pile due to
change of width of pile b. Accordingly, the negative sign of Pj,  ̂ means the decrease of
width of the pile b results in increasing of deflection yt, whereas positive P^  ̂ implies that 
the decreasing width b in that part of pile resulting the decreasing of top lateral deflection
Yt-
It is worth noting that decrease of b is spread up to 0.5T with depth x starting from the 
soil surface, whereas the increase of b is spanned from 0.5T to 1 AT downwards. It is 
important to notify that the negative b changes its sign at depth 0.5T in all the cases. As 
the load F increases the importance of increasing b at longer depth x becomes more 
evident shown in Fig. B.32.
The effects of change of submerge soil unit weight on the change of pile head lateral 
deflection 5yt is associated with p^ of Eq. (3.2) that can develop only up to x = x, and pcd
of Eq. (3.3) for x > Xr. However, P̂ ^̂  can develop only above Xr that is shown in Fig.
B.33 for the length L = lOT of free head pile. The negative values of P^7 mean that the 
decrease of ■/ results in increase of 8yt.
The outcomes of the changes of the angle of internal friction (j) on the changes of the pile 
head deflection 8yt in terms of are shown in Fig. B.34 for the same pile. It is
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apparent that decrease of (j) in indicated areas results in increase of pile head lateral 
deflection 5yt.
The coefficient of Rankine lateral earth pressure Kg of active type defined as tan̂ (45®- 
(j)/2) is explicitly related to the soil angle of internal friction <|). It is apparent that increase 
of <t> is directly associated with increase of shear strength of the soil that is recognized in 
Coulomb-Mohr failure criterion for frictional soils. The Kg is also defined as the ratio 
an/civ being in active Rankine state at the verge of plastic failure. Thus, for constant 
value of av=cd, the increase of <j) results in decrease of o'h=cj3 and consequently Kg 
decreases. Accordingly, the Mohr’s circle diameter at failure that defines the deviator 
stress (ai-CTa) increases when (j) increases and the Kg decreases. In conclusion, the
distributions of sensitivity integrands shown in Fig. B.35 for length L = lOT freeKa
head pile that carry the positive signs mean that increase of Kg (implying decrease of (j>) 
generates the increase of 5yt.
p
Figure B.36 presents the distribution of sensitivity integrands for the same pile
affecting maximum pile head deflection due to the changes of modulus of soil subgrade 
reaction k that is associated with soil linear elastic state. It is obvious that development of 
linear elastic state in the soil along the entire length of a pile is possible when the applied 
external force F is of a relative small value. However, the increase in magnitude of force 
F applied implies that the linear elastic soil phase is generated at bigger depth. Typically, 
for long piles subjected to lateral loads the local oscillation of the deflection line is 
observed at considerable depth x for very small values of lateral deflection y. This fact
Fexplains two zero values of P,̂  ̂ at x « 2T and at x w 3.5T, that are visible in Fig. B.36.
The rapid finite increase in P^  ̂ at systematically larger depth x is associated with the
fact that the deflection line y enters the linear elastic soil phase bounded by yk at deeper 
and deeper depth which is shown schematically in Fig. B.26. Again, the negative values
103
Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.
Fof should be understood in similar fashion as were discussed previously, which 
means that the decrease of k accordingly to distributions results in an increase of 5yt.
It is interesting to see that the sensitivity integrand associated with parameters b, y', (j) and 
Ka shows the maximum magnitude at a depth 0.5T when the load generates elastic soil 
phase or elastic soil phase and hardening soil phase as well. This point is most sensitive 
in terms of top lateral deformation with respect to change of corresponding design 
variables. After depth 4T, the performance of the piles is insensitive for changing of 
variables for all soil physical phases.
8.1.3 Discussion on the soil phases of p-y relationships developed along the pile
axis
The observation of Fig. B.26 indicates that the size of the un-deformed part of the pile is 
decreasing as the magnitude of the applied load is increasing. The linear elastic soil phase 
occurs at a deeper depth as the magnitude of the applied load increases. Like the linear 
elastic soil phase, the development of non-linear elastic soil phase shows a similar pattern 
that occurs at a deeper depth with the increase of the magnitude of the applied load (Figs. 
B.2 and B.26). The linear hardening soil phase is the more advanced deformation state 
than non-linear and linear soil deformation elastic state. It will not be developed when the 
applied load is not big. The size of this soil phase is getting bigger and bigger as the 
magnitude of the applied load is increasing as shown in Figs. C.2 and C.26. Figures C.31 
-  C.36 show that the changes of the design variables have the significant effect on the 
changes of the top deformation when the vicinity of pile-soil system is in combined soil 
phases (elastic, hardening phases) instead of single soil phase (Figs. B.31 -  B.36). The 
soil plastic flow phase is the most advanced soil deformation phase, more advanced than 
hardening and elastic soil phases. It will develop when the load is big enough. For 
instance, when the load is more than 73 kN for free head pile with length L = lOT, the 
pile-soil system is in the plastic flow phase in the vicinity of soil surface as shown in Fig.
B.25. The change of the soil design variables like b, y, (j), Ka and k has no effect on the 
changes of top deformation in the soil plastic flow phase as seen in the Figs. D32 -  D36.
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8.1.4 Discussion on quantitative assessment of sensitivity of performance of
laterally loaded pile of length lOT due to the changes in the design variables
The numerical value of W that represents the quantitative assessment of sensitivities of 
the performance of the laterally loaded pile-soil system due to the changes of the design 
variables is the result of numerical integration of sensitivity integrand, P associated with 
specific design variables. As shown in Fig. B.37, the quantitative assessment (total
assessment) of increases regularly with increase of load following a predicted
relation when the load generates jointly non-linear elastic soil phase and linear elastic soil 
phase in the vicinity of pile-soil system. When the load generates the linear hardening
soil phase in the vicinity of soil surface followed by the elastic soil phase, then Wgf 
increases with the load increase following the same nature of predicted relation (shown in 
Fig. C.37). Even if soil phase changes to plastic flow phase at the soil surface followed
by other phases, Wgĵ  still increases with the load in a regular fashion as observed in Fig. 
D.37.
The quantitative assessment of is the integrated value of sensitivity integrands of
along the pile axis for the load applied F that increases regularly with load increment
following a smooth relation when the whole soil medium is in the elastic soil phase and it 
can be predicted (Fig. B.39). The linear hardening soil phase starts existing at surface 
followed by other physical soil phases when the load is more than 43 kN (Fig. B.25) and
the value of in this case increases with the load and follow a predictable relation
(Fig. C.39). But in the plastic flow soil phase developed at upper surface combined with
other phases, shows almost constant value specially when applied load is big (Fig.
D.39).
The values of and (Figs. B.38, B.40 and B.41 respectively) have the
same trend as the value of Wy but they have different located peaks and magnitudes. In
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the elastic soil phase combined with linear hardening soil phase that is developed in the
vicinity of soil surface, and increase with the load in regular fashion
and they can be predicted. They are shown in Figs. C.38, C.40 and C.41. In the soil 
plastic flow phase that is developed at the soil surface including non-linear elastic phase 
and linear hardening phase, they are not showing regular increment with the load 
increase. But they have the almost constant value at bigger load (as shown in Figs. D.38,
D.40 and D.41). The values of and increase with the increase of
the load in regular fashion when whole pile-soil system is in the elastic phase alone or 
linear hardening phase at the soil surface followed by elastic phase. When the load 
increases and the soil consists of the various soil phases i.e. soil plastic flow, linear 
hardening and elastic soil phases are developed starting from the soil surface
respectively, the variations of the values of and do not vary in
regular fashion with the increase of the load.
The quantitative assessment of exists entirely along the pile depth when soil is in 
the linear elastic phase and partially when soil contains the developed combination of 
many physical phases. In the elastic soil phase (linear and non-linear both), 
increases with load demonstrating small depths of irregularities (Fig. B.42). When the 
applied lateral load reaches values 12 to 18 kN, then W^^ drops due to peculiarity of yk
curve developed (Fig. B.26) within the soil. Consequently, W^^ again starts increasing
with the increase of load. But when the linear hardening soil phase developed at soil
surface followed by elastic soil phase, then w j^  has almost constant value (Fig. C.42).
This means that 8k (change of coefficient of subgrade reaction) has the same effect on 5yt 
(change of the lateral deflection) when the pile-soil system is in that combined physical 
phases. If linear hardening phase changes to plastic flow phase at soil surface and 
hardening and others physical phases propagate in depth of the pile-soil system due to
increase of applied load, W^^ increases with load in better way than before (Fig. D.42).
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8.1.5 Discussion on relative sensitivity factor, of performance of pile-soil
system of length lOT due to the changes in the design variables:
Equations (4.39 -  4.44) define the relative sensitivity factor of performance of
pile-soil system due to the changes of the design variables. As per definition, is the
contribution in % (in comparison of all design variables) of change of any specific design 
variable (*«) on 5yt when the pile structure is subjected to force F that generates physical
soil phase in the soil medium. So that describes the level of importance of
changing a particular design variable on the performance of maximum lateral deflection 
from other design variables.
The relative sensitivity factor Rg^ of performance due to the changes of the bending
stiffness (as shown in Fig. B.43) has a small value (about 9%) when the load is 18-43 kN,
while the load increases Rei increases to 11% at 73 kN (Fig. C.43). This increase of Rg^
occurs due to the change of the soil phase from the non-linear elastic phase to linear 
hardening phase in the vicinity of soil surface. When the soil in the vicinity of pile-soil 
system is able to develops all physical phases like elastic soil phase, hardening and soil
plastic flow phases, Rg^ increases substantially to 52% at the load 233 kN and follow a 
regular curve (Fig. D.43). The sensitivity integrands associated with other design 
variables that are related to the soil strength parameters vanish in the plastic flow phase. 
However, the Pg^ still exists in this phase because the pile material is independent of the 
soil strength properties.
The relative sensitivity factor Rp^ of performance due to the changes of the submerged 
unit weight of soil (shown in Fig. B.45) has the relatively constant value when the soil is 
in the elastic phase. Then the R^7 contributes about 26%. R^?' shows the constant value
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(26%) also when the surroundmg soil of the pile-soil system is in the linear hardening 
soil phase and elastic soil phase as shown in Fig. C.45. For the load 73 kN and higher 
where the soil plastic flow exists at upper surface followed by remaining physical soil
phases, R^?' decreases in a regular fashion (Fig. D.45).
When the load is less than 43 kN and the whole part of the pile is in the elastic phase, the
relative sensitivity factor of performance due to the changes of the angle of internal
friction of soil has a relatively constant value which is 44% (as shown in Fig. B.46). 
When the applied lateral loads have values 43-73 kN, then the soil consists of three 
different soil phases that is elastic soil phase (linear and non-linear) and linear hardening
soil phase. Consequently, the R^^ shows constant value equal to 45% (Fig. C.46). This
means that contribution is 45% (in comparison of all design variables) of change of width 
of pile, b on 5yt when the pile structure is subjected to force F. When soil phase turns to
plastic flow phase at top surface followed by other phases, R^^ decreases with the 
increase of the load (Fig. D.46) in similar pattern to R^?'.
The values of R^^ and R^^ (shown in Figs. B.44 and B.47) have the same trend as
R^^. However, it is observed that initially R^^ increases with the load increases.
Afterwards, the R^^ follows the similar trend as R^^ does and a little irregularities is 
observed; particularly, when the soil is in the beginning of plastic flow phase at soil 
surface (Fig. D.44). The values of R^^ and R^^ are about 5% and 13.5%, respectively 
when soil is in elastic phase including hardening phase (Figs. C.44 & C.47).
When the load is less than 43 kN, the whole part of the pile is in the elastic phase. In this 
phase, R^^ has a value more than 10% with very small load. After that, the R^^ 
decreases rapidly to around 1% (Fig. B.48). When soil is in the linear hardening phase
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and elastic phase as well, the decreases to 0.32% with the increase of the load to 73
kN (Fig. C.48). The shows very negligible value equal to about 0.3% when the soil
around pile-soil system contains all physical phases (Fig. D.48). Thus, it is 
understandable that in the investigations of laterally loaded piles when subjected to broad
spectrum of load values, R^^ has very low level of importance in comparison to other
design variables.
Figures B.43 -  B.48 show the relative sensitivity factors of performance of
laterally loaded pile-soil system due to changes of design variables subjected to cyclic 
loading that generates the elastic soil phase in the region of the soil around pile. In this 
soil phase, the classification of the most dominant to the less dominant design variables 
can be ordered as follows: the angle of internal friction <j), the submerged unit weight y', 
the coefficient of active earth pressure Ka, the bending stiffness of pile El, the pile width
b, and the coefficient of subgrade reaction k. The relative sensitivity faetors Rp^^^
associated with soil phases of elastic and linear hardening state (Figs. C.43 -  C.48) show 
the similar order of importance of the design variables as those associated with 
development of soil elastic phase. It is now known that when the load increases, the 
linear hardening soil phase changes to the soil plastic flow phase at the surface of soil.
The relative sensitivity factor Rg{ increases with the load when soil is in the plastic flow
phase at soil surface followed by linear hardening and elastic soil phases. However, the
relative sensitivity factors Rp^*  ̂ associated with soil parameters decrease with the
increase of load (Figs. D.43 -  D.48). Thus, when the soil is in the plastic flow phase at 
soil surface followed by linear hardening and elastic soil phases, especially when the 
applied lateral force is larger than 173 kN, the elassification of most dominant design 
variable to less dominant that affect the top lateral deflection can be reordered as follows: 
the stiffness of pile El, the angle of internal friction (j), the submerged unit weight y', the 
coefficient , of active earth pressure Ka, the pile width b, and the coefficient of subgrade 
reaction k.
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Based on the aforementioned classification, it can be said that when the applied load
results in development of only elastic soil phase or hardening and elastic soil phase as
well, Rpl*) associated with each design variable has the relatively constant value. But,
when the load increases and consequently the soil can develop all physical soil phases i.e.
soil plastic flow phase, soil linear hardening phase and soil elastic phase, then
associated with El increases whereas associated with b, y', (j), K* and k decrease
(with the increase of load). These conclusions are important because the design of 
laterally loaded piles allows for development of the elastic soil phase.
8.2 Comparative analysis of sensitivities of performance of laterally loaded pile
8.2.1 Introduction
Discussion will be focused on the comparative analysis of sensitivities of top lateral 
deflection of single piles and group of piles on the following items:
1. For single pile;
• The effect of various lengths of piles (short and long piles)
• The effect of various boundary conditions at pile head (free and fixed)
• The effect of different types of load applied at top of the pile
• Sensitivity analysis of maximum lateral deflection and angle of flexural 
rotation due to changes of design variables in terms of sensitivity 
integrands, quantitative assessment and relative sensitivity factor.
2. For pile group:
• Comparison of the performances of single isolated pile and pile group’s
member
® The effect of location of the piles on the performance in a group
• The effect of various spacing/distance of pile on the performance in a
group.
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8.2.2 Comparative analysis of sensitivities of single piles
8.2.2.1 Comparative analysis of sensitivities of performance of short and long
piles
The presented comparative analysis employs the piles of length L-2T and L=10T for 
short and long piles respectively.
Figures B.2, B.26, E.2, E.26, F.2 and F.26 show that the tips of the short piles are 
deflected under application of lateral loads while they are not deflected for the long pile. 
The distributions of the bending moments for the primary structure and adjoint structure 
of short and long pile shown in Figs. B.3, B.4, B.27 and B.28 have the same pattern for 
both the short pile and long pile. In those distributions, the only difference is in their 
magnitude i.e. short pile has the larger bending moment than long pile when the same 
load is applied at pile head. The distribution of bending moment is all along the length of 
short pile whereas that distribution is localized near the upper portion of the long pile.
The evaluations of the distributions of sensitivity integrands of the short pile and long 
pile are presented in Figs. B.7 -B .12, B.31 -  B.36, C.7 -C .12, C.31 -  C.36, D.7 -D .12 
and D.31 -  D.36. They lead to the following comments:
• Sensitivity integrands are distributed along the major length of the short pile 
whereas sensitivity integrands are localized in the upper portion of the length of 
the long pile.
• Sensitivity integrand associated with parameter k has significant value at
tip of the short pile that is independent of soil phases. The associated with 
other soil parameters like b, y', <j) and Ka has significant value at the tip of short 
pile only when soil is in all physical phase. The for long pile does not show 
these characteristics.
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• The magnitude of sensitivity integrands associated with El and k for short pile is 
larger than for long pile at the same applied load.
• In general, it is wroth noting that various values of forces, F applied to short and 
long piles generate the same values of lateral deflection on the pile head. This is 
shown in Figs. B.l and B.25 by spotting the F values on p-y curves constructed 
for X « 0 for short and long piles.
The and for both short and long pile vary according to the same pattern
when soil is in elastic phase or prior to plastic flow phase. The value of for short
pile is larger than for long pile when the same load is applied associated with design 
variables El, b, y', ^ and Kg (Figs. B.13 -  B.17, B.37 -  B.42, C.13 -  C.17, C.37 -  C.42,
D.13 -  D.17 and D.37 -  D.42). The associated with the design variable k has the
significantly larger value for short pile than for long pile and it is independent of soil 
phases (Figs. B.l 8, B.43, C.18, C43, D.18 & D.43). At the development of the soil plastic
flow in the vicinity of soil surface, associated with design variable k for short pile
is drastically decreased with the increase of load (Fig. D.18). When the soil adjacent to
jlaterally loaded pile contains all physical phases, associated with El, b, y', (j) and
Ka for short pile increases with the increase of the applied lateral load whereas
associated with b, y', (j) and Kg for long pile shows almost constant value with some sort 
of irregular behaviour when the load increase (Figs. D13 -  D.17 and D.37 -  D.42). The
associated with El for long pile increases with the load increase.
The relative sensitivity factors affecting the performance of laterally loaded piles
due to the changes of the design variables has the same characteristic for all lengths of 
piles when the soil is in elastic phase; application of the higher load to the pile-soil 
system shows the almost constant value (Figs. B . 1 9  -  B.24 and B.43 -  B.48). This means 
that the level of importance in terms of design variables on the performance of maximum
.12
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generalized deformation is the same for all lengths of piles when soil is in the elastic 
phase. When soil is in elastic and linear hardening phases, the relative sensitivity factor
Rpl*) follows the same trend as when the surrounding soil is in elastic phase
alone; however, there is slight variation in long pile (Figs. C19 -  C.24 and C.43 -  C.48).
When the load generates the soil plastic flow phase in the vicinity of soil surface,
associated with all design parameters except k has the constant value when the load 
applied is larger than 69 kN for short pile of length 2T (Figs. D.19 -  D.24). For the long
pile in the same generated soil phases, the magnitude of associated with parameter 
El increases with the load increase whereas associated with soil parameters b, y', <j)
and Ka decreases when the load increases (Figs. D.43 -  D.47). Rp ,̂,  ̂ associated with k
for short pile decreases with the load increases while it shows the constant nature for long 
pile when the soil adjacent to laterally loaded pile contains all physical soil phases (Fig. 
D.48). It is observed that the design variable k has the lowest effect on the sensitivity of 
performance of laterally loaded pile.
S.2.2.2 Comparative analysis of sensitivities of performance of free head pile
and fixed head pile
The major difference between the free head and fixed head pile structure is the 
distribution of the bending moments along the depth of pile caused by the different 
boundary conditions at the pile head. The maximum bending moment is at the top of the 
pile for fixed head, while the maximum bending moment occurs at closer to the mid part 
of the pile for the free head pile (Figs. B.27 and E.27). The values of bending moment of
the pile-soil structure have an effect on the distribution of P|j^. As shown in Figs. B.31
and E.31, the distribution of for fixed head pile has maximum value at the top of 
pile. This means that the change of El in the vicinity of pile’s head has the highest effect 
on the change of performance (5yt or 500. On the other hand, for free head pile P|j^ is
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equal to zero at the top of pile. Pgĵ  for free head pile has the maximum value at a depth
LOT from the soil surface (Fig. B.31). This fact consequently affects the value of Wgj',
and it does affect the order of significance of the design variables that are 
responsible for the change of top lateral deformation.
The distributions of lateral displacements at the fixed head pile structure have the same 
trend as in the free head pile. This fact results in the similar shape of the other sensitivity
integrands , P^^, P^^, P|^ (as shown in Figs. B.32 -  B.36 and E.32 -  E.36) for free
head and fixed head piles. The differences are only in the magnitude of them. Fixed head 
pile is less sensitive in terms of top lateral deformation for all design parameters than free 
head pile. Fixed head piles required greater loads to produce the same displacement. For 
this reason, the load range produces deflection in p-y curve in the every soil phase for 
fixed head pile is greater than free head pile (Figs. B.25 and E.25).
for fixed head pile shows the same scenario as in free head pile but with different 
magnitude (Figs. B.37 -  B.42 and E.37 -  E.42). Fixed head pile has the lower value of 
than free head pile due to the different magnitudes of sensitivity integrands. The
R(*m) for fixed head pile has the different values than Rp^^  ̂ for free head pile. This fact
implies that the order of significance of design variable El that is responsible for the 
change of top lateral deformation is not the same (Figs. B.43 -  B.48 & E.43 -  E.48). The 
order of significance of the design variables that are responsible for the change of top 
lateral deformation can be now reordered for fixed head pile as: the angle of internal 
friction (j), the submerged unit weight y', the bending stiffiiess of pile El, the coefficient of 
active earth pressure Ka, the pile width b and the coefficient of subgrade reaction k. When 
the applied higher load generates soil plastic phase in the vicinity of soil surface followed 
by other soil physical phases, El and y' just change their position in aforementioned order 
of significance.
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8.2.23 Comparative analysis of sensitivities of performance for different
types of load applied at top of pile
The investigations of laterally loaded piles can be classified with respect to different 
types of lateral load applied to the pile-soil system. The types of loads considered in this 
study are the lateral force that is applied either to free head pile or fixed head pile and the 
bending moment that is applied to free head pile only. The major difference is observed 
in the distributions of the bending moments generated in the free head pile structure 
resulting from the application of lateral force and bending moment. The maximum 
bending moment is developed at the top of the pile when the pile is subjected to bending 
moment, while the maximum bending moment occurs near the mid part of the pile when 
the pile is subjected to lateral force. This is shown in Figs. B.27 and F.27. The
distributions of P|ĵ  shown in Figs. B.31 and F.31 that describes the similarity in both
cases and shows the maximum sensitivity at a depth T.
The pattern of deformation of the long pile is different when the free head pile is 
subjected to bending moment and the lateral force. Free head long pile subjected to 
bending moment deflects in one plane in two directions (in the direction of applied load 
and reverse direction as well). The distribution of deflections is localized in the upper 
part of the pile when the pile is subjected to bending moment applied to the pile head. On 
the other hand, the same pile subjected to lateral force deflects only in one direction (in 
the direction of applied load). Consequently, the pile deflection is also localized in the 
upper part of the pile (Figs. B.26 and F.26). The distributions of sensitivity integrands
, P ^^ , P ^ ^ , P^^ and P^^ affecting the top lateral deflection due to the changed
of the design variables (as shown in Figs. F.32 -  F.36) are unchanged in case of pile 
subjected to bending moment. It can be mentioned that the distribution of the sensitivity 
integrands of the free head long pile subjected to bending moment is localized in the 
upper part of the pile as in the pile under lateral force.
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and have the similar trend for pile-soil structure subjected to bending
moment as for pile-soil structure subjected to lateral force. Because, the nature of 
distribution of sensitivity integrands associated with all design variables is same for pile 
under bending moment as for pile under lateral force (Figs. B.37 -  B.48 and F.37 -  F.48).
8.2.2.4 Comparative analysis of sensitivities of maximum lateral deflection
and angle of flexural rotation of laterally loaded pile of length lOT
The sensitivity analysis of 5yt (first variation of maximum lateral deflection) and 60t (first 
variation of angle of flexural rotation) requires application of suitable generalized unit 
load to the pile head of the adjoint structure. In case of the sensitivity analysis of 5yt, the 
lateral force (1 kN) is applied to the adjoint structure whereas in latter case the bending 
moment (1 kN-m) is applied to the adjoint structure.
The sensitivity results in terms of the sensitivity integrands affecting the maximum
angle of flexural rotation of the pile head due to the changes of the design variables when 
the pile-soil system is subjected to force F of cyclic type of discrete variability are 
presented in Figs. G.7 -  G.12. The review of these diagrams lead to the similar
p
conclusion drawn when P,  ̂ s has been discussed.
The similarity of distributions of sensitivity integrands and originates from 
the fact that the internal forces of primary structure for both sets of sensitivity integrands 
pf^ . and P,̂ ®  ̂ are the same. As far as the internal forces of the adjoint structure are
concerned, it is worth noting that although the required unit generalized forces F = 1 and 
M = 1 result in different internal forces, however the difference is mainly demonstrated 
in the distribution of virtual bending moments M of the adjoint structure due to M = 1. 
The most pronounce difference in M (when compared with application of F = 1 and 
M = i ) occurs at X = 0. Interestingly, this difference is suppressed in final analysis of
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Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.
and since the distribution of M is required to be multiplied by M of primary 
structure that has zero value at x = 0. Accordingly, the are in substance very similar
Regarding the numerical values of and for the same values of the forces F
applied, the values of P̂ ^̂ ^̂ are substantially larger than corresponding values of
(Figs. B.31 -  B.36 and G.7 -  G.I2). More specifically, it is observed that numerical 







8.2.3 Comparative analysis of sensitivities of pile groups
8.2.3.1 Comparative analysis of sensitivities of performance of single isolated
pile and pile group
The characteristics of the distributions of bending moment and displacements for primary 
and adjoint structures are similar for pile group and single pile. The main difference is 
observed in corresponding magnitudes. Therefore, the distributions of the sensitivity
integrands affecting the change of lateral deflection of the laterally loaded pile
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subjected to lateral force due to the changes of the design variables for pile groups also 
have the similar pattern as those of single pile, but they have different values. These 
values for pile member in the second trailing row in the group of 3x3 piles with spacing =
3D are shown in Figs. 1.7 -  1.12. They describe the distributions of for single pile 
that are greater than for pile group.
The values of sensitivity assessment associated with design variables and relative
sensitivity factors of pile groups for arbitrary loads have similar characteristics to
those of single pile. The differences are observed in numerical values. Again it is seen 
that the sensitivity assessment for single pile are larger than corresponding sensitivity 
assessment for group pile (Figs. 1.13 -1.24).
S.2.3.2 Comparative analysis of the effect of location of the piles in a group
on sensitivities of performance
The effect of location of the pile members in a pile group is analyzed by comparison of 
the behaviour of pile member A located at the leading row, pile member B located at the 
first trailing row and pile member C located at the second trailing row. The results in 
terms of sensitivity integrands, quantitative assessment and relative sensitivity factor of 
the pile members A, B and C in a group of 3x3 piles with spacing = 3D are shown in 
Appendix I. It is observed that pile member A that is in leading row has the highest value 
of p-multiplying factor, fm, which indicates the strongest soil strength when compared to 
pile members B and C (Table 6.2).
For spacing = 3D, the distributions of the bending moment at the primary pile group 
structure demonstrate that the largest bending moment occurs at pile member A followed 
by pile members B and C. Unlike the distributions of bending moments at the primary 
pile group structure, the adjoint pile member C has the largest bending moment that is 
followed by pile members B and A as shown in Figs. 1.5,1.27 and 1.49.
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The magnitudes of Pgĵ  vary for pile members A, B and C (shown in Figs. 1.7,1.29 and
1.51) in a descending order with a very little difference. As a result of it the value of
sensitivity assessment (is the integrated value of sensitivity integrands of Pgf
along the pile axis for the load applied F) does have almost the same magnitude for pile 
members A, B and C as shown in Figs. 1.13,1.35 and 1.57.
The value of sensitivity integrands associated with others design variables such as
b, y', (j), Ka and k (shown in Figs. 1.8 -1.12,1.30 -1.34 and 1.52 -1.56) for pile members 
A, B and C are different. The sensitivity integrands associated with these parameters can 
be ordered from the largest to the smallest for pile member as A, B and C. Therefore, the
values of sensitivity assessment factors and have the
same order of importance as the sensitivity integrands (Figs. 1.14 -  1.18,1.36 -  1.40 and
1.58 -  1.62). The pile member A has the highest magnitude of
and followed by pile members B and C.
The relative sensitivity factors associated with the design parameters El, b, */, (j),
Ka and k as shown in Figs. 1.19 -  1.24,1.41 -1.46 and 1.63 -1.68. They have almost the 
same magnitude for pile members A, B and C. Thus, the relative sensitivity factors R are 
independent of the location of the piles in a pile group.
8.2.33 Comparative analysis of sensitivities of performance for various
spacing of piles in a p i l e  group
The interaction of pile-soil-pile members in the laterally loaded pile group leads to the 
development of shadowing effect. This effect means that the leading row carries the 
largest portion of the applied load, whereas the next trailing rows carry progressively 
smaller loads. The shadowing effect in numerical analysis is taken into considerations by 
introducing the p-multipliers, f®. The value of fm varies with spacing and the location of
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the piles in the pile groups. The value of fm for leading row is larger than that for trailing 
row. The larger is the spacing, the larger is the value of fm. The maximum value assigned 
to fm is equal to one that corresponds to spacing equal to or greater than 6D. This means 
that each pile member behaves as a single isolated pile as shown in Fig. 2.3. 
Consequently, the greater the spacing, the greater the load required to produce the same 
displacement. Thus, decreasing the spacing between pile members of laterally loaded pile 
group the small load applied results in larger lateral deflection. It is shown in Figs. I.l 
and J. 1.
Variabilities of the group forces applied at the pile cap that produce the same deflection 
for different spacing of pile members in a pile group are shown in Figs. I.l and J.l. These 
figures point out that the greater the spacing, the smaller is the difference of the group 
forces applied to the pile group cap.
The summation of the shear forces and the soil resistance at the pile head allows to 
determine the percentage of the load carried by each pile members. Larger spacing results 
in the distribution of load more equally to each pile member. The pile member A, which 
is in the leading row, supports the largest amount of load. The percentage of loads carried 
by each pile member in the specific pile group is quite constant for arbitrary loadings. 
Consequently, the imit force applied to the pile members in the required row has 
relatively constant value when different load values are applied to the primary pile group 
structure (Figs. 1.2 and J.2). When the spacing increase, the difference between the forces 
applied to member piles of the adjoint pile group decreases (Figs. 1.2 and J.2).
Reference to Figs. 1.3,1.5, J.3 and J.5 show that the bending moments at the primary and 
adjoint structure decreases when the spacing increases. It is also seen that the bending 
moment at the primary and adjoint structure for pile groups is relatively greater than that 
of the single isolated pile. The displacements of the pile member in the pile group for 
primary and adjoint structures are also relatively larger than those of the single pile for 
primary and adjoint structures when the applied load has the same value on pile member
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in group and single pile respectively. On the other hand, the greater the spacing between 
pile members the smaller the lateral displacement is. This is shown in Figs. 1.4 and J.4.
Figures 1.7 and J.7 show that the magnitude of the sensitivity integrands slowly
decreases with the increase of spacing, consequently of single pile is not much 
smaller than that of group pile. However, as per observation in the Figs. 1.8 -1.12 and J.8 
-  J .l2, the sensitivity integrands P^^, P^^, P ^ |, P^^ and Pj^ of pile member increase 
when the spacing of the pile member in pile group increases. This also means that those 
values ( P^b» , P^^, P^a and P^^ ) of single pile are greater than those of group pile.
At the larger quantity of load a greater magnitude of sensitivity integrands at any point is 
observed. The difference is caused by the different soil phase in that point. Because the 
displacement at that point with larger load is greater than that of smaller load, so that the 
point of pile is in the linear hardening phase at higher load whereas same point is in the 
non-linear elastic phase at smaller load.
Figures 1.13 -  1.18 and J.13 -  J.18 show that the quantitative assessment of sensitivity 
of performance differs with different spacing. associated with soil
parameters for larger spacing is greater than for smaller spacing. However,
associated with pile material shows the opposite characteristic. of performance
associated with design variables for single pile is greater than that for group pile (Figs.
C.37 -  C.42). The values of quantitative assessments of sensitivity
and of performance for spacing = 5D are larger than for spacing = 3D.
Whereas Wgj' of performance associated with pile material for spacing = 50 is smaller 
than for spacing = 3D.
The relative sensitivity factors performance associated with all design
parameters slightly vary with the spacing as observed in Figs. 1.19 -1.24 and J.19 -  J.24.
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The relative sensitivity factor of performance y associated with the design
parameter El decreases with the increase of the spacing. associated with the design
parameters b, y', (j), Kg and k increases with the increase of the spacing. Their 
classification of significance orders from the largest to the smallest are the same for 
various spacing and is given as: the angle of interna! friction <j), the bending stiffness of 
pile El, the submerged unit weight y', the coefficient of active earth pressure Kg, the pile 
width b, and the coefficient of subgrade reaction k when soil is in elastic phase or elastic 
phase and hardening phase as well.
8.3 Applications of the sensitivities of performance results of this study
The results of this study can serve for various purposes. They are specified below:
1. Determination of the location of maximum sensitivity of performance along the 
pile depth:
The maximum integrand point indicates where the improvement should be made with 
respect to each design variable to minimize the top lateral deformation. It is observed that 
this point for pile parameters is at 1 .OT (free head pile condition)/ top (fixed head pile 
condition) and for soil parameters is at 0.5T below soil surface when soil is in elastic 
phase or elastic phase and hardening phase as well.
2. Determination of the most effective parameter to reduce the top lateral 
deformations:
The discussed results of the sensitivity performance of this study show that the changes 
of the design variables that result in the reduction of the lateral deformations at the pile 
heads of free head isolated pile-soil system vary from the largest to the minimum in the 
following order: the angle of internal friction (j), the submerged unit weight y', the 
coefficient of active earth pressure Kg, the bending stiffhess of pile El, the pile width b,
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and the coefficient of subgrade reaction k when the applied load generates elastic soil 
phase or elastic and hardening soil phases as well. The bending stiffhess of pile El 
changes its position in the above order of significance under different condition like fixed 
pile head condition, but not showing the highest significance at a load that generates 
elastic soil phase or elastic and hardening soil phases as well. Based on this 
abovementioned fact, the increase of the soil parameters associated with p-y relation is 
more effective in reduction of the pile head lateral deformations than to improve the 
parameter of the piles.
3. Determination of the effective depth of the soil parameter and the pile parameter 
required for improvement of the performance of the laterally loaded pile:
This study shows that the changes of the design parameters to reduce the pile head lateral 
deformations are not effective when conducted along the entire length of the pile. The 
studies conducted provide the basis for conclusion, that the substantial improvement of 
the pile lateral performance can be achieved by means of strengthening pile or soil 
properties starting from the soil surface and extend the improvement process up to a 
depth of 4T below the soil surface.
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CHAPTER IX
CONCLUSIONS AND RECOMMENDATIONS FOR FUTURE WORK
9.1 Conclusions
The main objective of this research work was the sensitivity analysis of maximum 
generalized lateral deformation of laterally loaded single and pile group embedded in 
sand below water table defined by the p-y curve (Reese et al. 1974). The interactive pile- 
soil system was subjected to lateral forces or bending moments of cyclic type. The 
determined design parameters are the bending stiffness of pile El and physical soil 
parameters such as the angle of internal friction (j), the submerged unit weight y', the 
coefficient of active earth pressure Kg, the pile width b where soil reaction can develop 
and the coefficient of subgrade reaction k. They are used to define the p-y soil model.
Summing up the conclusions elaborated in the discussion, the following can be stated for 
the investigated laterally loaded piles embedded in sand below water table subjected to 
cyclic loading:
1. Sensitivity analysis with the aid of the adjoint method is applicable to do the 
investigation of the variation of a performance functional (top lateral deformation) 
due to the changes of design variables.
2. Sensitivity analysis can be used to determine which parameters are more important, 
how and where the process of improvement, renovation and rehabilitation should be 
conducted.
3. The linear elastic phase, which can be treated as the first physical phase of the soil 
is developed at a deeper and deeper depth as the magnitude of the load increases. 
The development of hardening and plastic soil flow process starts from the soil 
surface and propagates in depth when the load increases.
4. It is worth noting that the p-y soil being in plastic zone is insensitive to any change 
of soil strength parameters.
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5. The sensitivity integrands depend on the magnitude of the load applied on pile.
6. The maximum integrand point indicates where the improvement should be made 
with respect to each design variable. It can be assessed that this point for pile 
parameters is at 1 .OT (free head pile condition)/ top (fixed head pile condition) and 
for soil parameters is at 0.5T below soil surface when soil is in elastic phase or 
elastic phase and hardening phase as well.
7. In general, 4T depth is considered to be a sensitive length in which the changes of 
design variables effectively affect the top deformation of the long p-y pile-soil 
system.
8. The evaluation of the sensitivity integrands results in the following conclusions:
F
• The distributions of Pg[ associated with bending stiffhess of the pile
material demonstrated the high degree of regularity for each value of load F.
F F F
• The ,P^^ and Pĵ  ̂exhibit high degree of similarity regarding shape of 
their graphical representations for each value of F.
F F
• The discontinuity in diagrams of sensitivity integrands P^7 ,P^^ and
F
Pĵ  ̂observed are associate with entrances of their deflection lines y into ŷ
zone (for small F) or with development of plastic soil flow close to the soil 
surface for large applied load F.
• A sort of irregularities observed at x « 0.5T in sensitivity diagrams
F F F
Py'  ̂’P(f)̂  and Pj,  ̂are associated with cyclic effects that are taken into
account by the correction functions Ac and Be. They allow to consider a 
cyclic loading in quasi-static fashion.
F
• The distributions of sensitivity integrands P̂ ^̂  differentiate themselves from
F F F F F F
sensitivity integrands P ,̂  ̂ ,P^^ and . In contrast to Pg[ ,P^7 ,P^^ and
P^^ , the P^^ change sign. This fact is associated with the change of sense 
of the lateral deflection yt that is developing at top of the pile. This means
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Fythat is negative when the pile deflection is decreasing with the
increasing of parameter b, whereas is positive when the pile deflection
is increasing with the increasing of parameter b. They change their sign 
normally at a depth 0.5T.
F
• The distributions of sensitivity integrands P̂ ,̂  connected with linear elastic
soil phase are developed from the soil surface to the depth x » 4T only for 
small values of load F applied. As the external load F increases, the 
deflection line y intersects the yk envelope at progressively larger depth x
that is demonstrated by rapid increase in values of P^^ .
• The review of sensitivity integrands affecting the maximum angle of
flexural rotation of the pile head due to the changes of the design variables 
when subjected to force F of cyclic type and discrete variability leads to the
p
similar observations that have been noticed for . Regarding the
numerical values of pj^ .and p/® , for the same values of the forces F(♦**) (***)
applied, the values of P̂ ®̂̂  ̂ are substantially smaller than corresponding
F
values of P,  ̂ ,.
(♦»»)
9. The quantitative assessment of the sensitivities of performance associated
with design variables increases with the increase of load when soil is in elastic 
phase or elastic and hardening phases as well except for k and it can be predictable.
shows the second-degree polynomial relation with the applied load for short
pile and third-degree polynomial relation with the applied load for long pile. 
However, when the load increases and the soil consists of multi soil phases, the
variation of is irregular with the increase of the load with an exception that
only associated with El shows the regular increment with the load.
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10. After assessing the value of relative sensitivity factor it is possible to
identify the order of significance of the design variables that are affecting the 
change of top lateral deformation. For free head pile with non-existence of soil 
plastic flow phase, the design variables from the most important to less important 
can be ordered as follows: the angle of internal friction cj), the submerged unit 
weight y', the coefficient of active earth pressure Kg, the bending stiffness of pile El, 
the pile width b and the coefficient of subgrade reaction k. But when the larger load 
applied such that generates soil plastic flow phase in the vicinity of soil surface, the 
significance of the effect of the design variables can be reordered as: the stiffness of 
pile El, the angle of internal friction <j>, the submerged unit weight y', the coefficient 
of active earth pressure Kg, the pile width b, and the coefficient of subgrade reaction 
k.
11. The distribution of bending moment for short pile is all along the length, while this 
is observed only near the soil surface for long pile. The sensitivity integrands are 
distributed along the major part of the length in case of short pile whereas those are 
localized in the upper part of long pile. The order of significance of design 
parameters that are affecting the maximum lateral deformation is independent of the 
length of pile when the soil is in elastic phase or elastic and hardening phases as 
well.
12. Sensitivity integrand associated with design variable El has shown the
maximum value at top of fixed head pile, while is equal to zero at the top in
case of free head pile. Fixed head pile kinematic performance is less sensitive for all 
changes of the design variables than free head pile when subjected to the same 
value of load. Fixed head pile requires greater load to be applied than free head pile 
to produce the same deflection. The order of significance of the design parameters 
for fixed head pile kinematic performance is relatively different from free head pile 
which for fixed head pile is as follows: the angle of internal friction (j), the 
submerged unit weight y', the bending stiffness of pile El, the coefficient of active 
earth pressure Kg, the pile width b and the coefficient of subgrade reaction k. But
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when the higher value load is applied that generates all physical phases in the soil, 
then El and y' just change their position.
13. The distributions of sensitivity integrands for pile members in the pile group 
have the same pattern as those of single pile, but they have different magnitude. The 
distributions of for pile group are smaller in magnitude than single pile.
14. Leading row in the group pile is most sensitive in terms of the pile member head 
lateral deformation followed by first and second trailing row. Consequently,
shows the highest value in case of leading row and followed by of first and
second trailing row. However, the relative sensitivity factor is independent
of the location of the piles in the group.
15. The greater the spacing between the pile members the greater load is required to 
produce the same displacement at pile member head. The sensitivity integrands
P(*L) increase relatively with the increase of spacing of the pile members in a
group. As a result of analyzing the relative sensitivity factors the order of
significance of design parameters that are affecting the pile member head lateral 
deformation is same for all spacing of pile members. And it can be prioritized from 
the largest to the smallest as following: the angle of internal friction (|), the bending 
stiffness of pile El, the submerged unit weight y', the coefficient of active earth 
pressure Ka, the pile width b and the coefficient of subgrade reaction k when soil is 
in elastic phase or elastic phase and hardening phase as well.
16. The analysis of errors of sensitivity investigations show that increase of variations 
of design variables by 15% is considered to be an acceptable level that improves the 
performance of the pile-soil system (top lateral deformation).
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9.2 Recommendations for future work
The following work could be done in future in order to make further progress in this
field:
1. The sensitivity analysis of the piles embedded in non-homogeneous soils of layered
type.
2. Development of computer software to design the laterally loaded p-y piles that take 
into account the effect of changes of the design variables on deformation of the 
system.
3. The developed computer program for sensitivity investigations of laterally loaded 
p-y pile-soil system should take into account possibility of embedment of piles in 
various types of p-y soil as well as various boundary conditions of the pile.
4. Developing generalized formulations of sensitivity assessment with respect to 
various boundary conditions and the loads applied.
5. Determine the effective length (sensitive in terms of maximum lateral deformation) 
of laterally loaded pile in all possible cases.
6. Implementation of suitable procedure required for improvement of the system based 
on the sensitivity analysis results.
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APPENDIX A
Input data for laterally loaded piles analysis
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A.1 Analysis of laterally loaded single isolated pile using COM624P Version 2.0
A.1.1 Case
Free head pile
Length, L = lOT = 22.9 m
Section properties is defined in Chapter V
Soil properties is also defined in Chapter V
Load: Lateral load, F = 67 kN
Loading type: Cyclic
A.1.2 Input file
F r e e  H e a d  P i l e  s u b j e c t e d  t o  L a t e r a l  F o r c e  F = 0 6 7  L = 2 2 . 9  N=0  
2 1 0  
3 0 0  1 1 0
2 2 0
2 2 . 9 0 0 0 0 0  2 0 0 0 0 0 0 0 0  0 . 0 0 0  0 . 0 0 0
0 1
1 1 0 1
4 0 0  0 . 0 0 0 0 0 1  1 0 0 0 0 0 0 0 0 0
0 . 0 0 0 0  0 . 4 0 5 0  0 . 0 0 0 3  0 . 0 1 5 7
1 4 0 . 0 0 0 0  1 0 0 0 . 0 0 0 0  1 6 3 0 0 . 0 0 0 0
0 . 0 0 0 0  9 . 0 4 0 0 0
1 0 0 0 . 0 0 0 0  9 . 0 4 0 0 0
0 . 0 0 0 0  0 . 0 0 0 0  3 2 . 0 0 0 0  0 . 0 0 0 0 0
1 0 0 0 . 0 0 0 0  0 . 0 0 0 0  3 2 . 0 0 0 0  0 . 0 0 0 0 0
1
1 6 7 . 0 0 0 0 0 0  0 . 0 0 0 0 0 0  0 . 0 0 0 0 0 0
A.2 Analysis of group piles using FB-Pier program Version 3.0
A.2.1 Case
Free head pile connected to pile cap 
Length, L = lOT = 22.9 m 
Section properties is defined in Chapter V 
Soil properties is also defined in Chapter V
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Load: Group Lateral load, Fg == 447 kN for 2D spacing piles
491 kN for 3D spacing piles 
530 kN for 4D spacing piles 
567 kN for 5D spacing piles
Loading type: Cyclic
A.2.2 Input file for group of piles with spacing Is equal to 2D and length, L = lOT ■
22.9 m subjected to lateral group force Fg = 447 kN
PROBLEM
D e f a u l t  P i l e  S t r u c t u r e  
U n i t s  a r e  KN a n d  M e t e r s  
U n i v e r s i t y  o f  W i n d s o r
F r e e  H e a d  P i l e  s u b j e c t e d  t o  L a t e r a l  F o r c e  F = 0 4 4 7  D=2 N=0
D r .  B u d k o w s k a
0 2 / 0 7 / 0 4
TIM N.  R a h m a n
P R IN T
L = 0  M=0 D=0 0 = 0  8 = 0  P = 0  T = 0  F = 0  0 = 0  B =0  1 = 0  R=0  N=0  X=0  
CONTROL
1 U= 1 D= 0 S=  0 R=  0 N= 3 0 1  Z= 0 P=  0 V = 1 . 0  : NUMLC
S =  0 T =  0 0 P=  I  F =  0
1 =  5 0 0  T= 5 e - 0 0 6
P I L E
NSET= 1 S= 0 M= 0 NSEG= 1 
C C u s t o m
C T = 1  D=G U=1 : P r e C a s t  -  l i n e a r
L = 2 2 . 9  E = 2 . 0 e + 0 0 8  1 = 0 . 0 0 0 3 , 0 . 0 0 0 3  J = 0 . 0 0 0 6  G = 8 . 3 3 e + 0 0 7  \  
A = 0 . 0 1 5 7  D = 0 . 4 0 6  8 = 1 . 2 1  K=1 
E =  0 H= 0 A= 1 S =  1 G= 0 C= 0 
5 5 : NPX,  NPY 
0 . 8 1 2  0 . 8 1 2  0 . 8 1 2  0 . 8 1 2  
0 . 8 1 2  0 . 8 1 2  0 . 8 1 2  0 . 8 1 2  
0 . 4 4  0 . 5 6  0 . 7 6  
0 . 4 4  0 . 5 6  0 . 7 6
M I S S I N G



















S O I L
NSET= 1 L=  1 R= 1 C= 1 W= 0 0 =  0 8 =  0 ; N l a y e r s , k c y c
32  1 6 3 0 0  9 . 0 4  0 0 0 2 4 1 3 2  0 . 3  3 4 . 5  2 4  \
2 1 1 1 0 0 0 0 0 \
E = 0 , - 2 4  B = - 2 4  S=1
3 2  1 6 3 0 0  9 . 0 4  0 0 0 2 4 1 3 2  0 . 3  3 4 . 5
2 4 1 3 2  0 . 3 5  2 8 4 6 . 7  1 : S o i l  s e t  1 t i p  i n f o
CAP
E = 2 . 8 e + 0 0 7  U= 0 . 2  T=  1 . 5  S=  25  
LOAD
5 L= 1 F=  4 4 7  0 0 0 0 0
SWFACT 
1 F= 0 0
A.2.3 Input file for group of piles with spacing is equal to 3D and length, L = lOT
22.9 m suhjected to lateral group force Fg = 491 kN
PROBLEM
D e f a u l t  P i l e  S t r u c t u r e  
U n i t s  a r e  KN a n d  M e t e r s  
U n i v e r s i t y  o f  W i n d s o r
F r e e  H e a d  P i l e  s u b j e c t e d  t o  L a t e r a l  F o r c e  F = 0 4 9 1  0 = 3  N=0
D r .  B u d k o w s k a
0 2 / 0 7 / 0 4
TIM N.  R a h m a n
P R IN T
L = 0  M=0 D=0 0 = 0  S = 0  P = 0  T = 0  F = 0  C =0  B = 0  1 = 0  R= 0  N=0  X=0 
CONTROL
1 U= 1 D= 0 S =  0 R= 0 N= 3 0 1  Z= 0 P=  0 V = 1 . 0  : NUMLC 
S=  0 T= 0 0 P =  1 F=  0 
1 =  5 0 0  T=  5 e - 0 0 6
P I L E
N SET= 1 8=  0 M= 0 NSEG= 1 
C C u s t o m
C T=1  D=0 U=1 : P r e C a s t  -  l i n e a r
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L = 2 2 . 9  E = 2 . 0 e + 0 0 8  1 = 0 . 0 0 0 3 , 0 . 0 0 0 3  J = 0 . 0 0 0 6  G = 8 . 3 3 e + 0 0 7  \
A = 0 . 0 1 5 7  D = 0 . 4 0 6  S = 1 . 2 1  K=1
E =  0 H= 0 A= 1 S =  1 G= 0 C= 0
5 5 : NPX,  NPY
0 . 8 1 2  1 . 2 1 8  1 . 2 1 8  0 . 8 1 2
0 . 8 1 2  1 . 2 1 8  1 . 2 1 8  0 . 8 1 2
0 . 5 8  0 . 6 7  0 . 8 2
0 . 5 8  0 . 6 7  0 . 8 2
M I S S I N G
1 6  : n u m b e r  o f  m i s s i n g  p i l e s
S O IL
NSET= 1 L= 1 R= 1 C= 1 W= 0 0 =  0 S= 0
32  1 6 3 0 0  9 . 0 4  0 0 0 2 4 1 3 2  0 . 3  3 4 . 5  2 4  \
2 1 1 1 0 0 0 0 0 \
E = 0 , - 2 4  B = - 2 4  8 = 1
3 2  1 6 3 0 0  9 . 0 4  0 0 0 2 4 1 3 2  0 . 3  3 4 . 5
2 4 1 3 2  0 . 3 5  2 8 4 6 . 7  1 : S o i l  s e t  1 t i p  i n f o
N l a y e r s , k c y c
CAP
E= 2 . 8 e + 0 0 7  U= 0 . 2  T=  1 . 5  S=  2 5  
LOAD
5 L= 1 F= 4 9 1  0 0 0 0 0
SWFACT 
1 F= 0 0
A,2.4 Input file for group of piles with spacing Is equal to 4D and length, L = lOT ■
22.9 m subjected to lateral group force Fg = 530 kN
PROBLEM
D e f a u l t  P i l e  S t r u c t u r e  
U n i t s  a r e  KN a n d  M e t e r s  
U n i v e r s i t y  o f  W i n d s o r
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F r e e  H e a d  P i l e  s u b j e c t e d  t o  L a t e r a l  F o r c e  F = 0 5 3 0  D=4 N=0
D r .  B u d k o w s k a
0 2 / 0 7 / 0 4
TIM N .  R a h m a n
PR IN T
L = 0  M=0 0 = 0  0 = 0  S = 0  P = 0  T = 0  F = 0  C=0  B =0  1 = 0  R =0  N=0  X=0 
CONTROL
1 U= 1 D= 0 S =  0 R= 0 N= 3 0 1  Z= 0 P=  0 V = 1 . 0  ; NUMLC
S= 0 T= 0 0 P=  1 F =  0
1 =  5 0 0  T= 5 e - 0 0 6
P I L E
NSET= 1 S=  0 M= 0 NSEG= 1 
C C u s t o m
C T = 1  0 = 0  U=1  : P r e C a s t  -  l i n e a r
L = 2 2 . 9  E = 2 . 0 e + 0 0 8  1 = 0 . 0 0 0 3 , 0 . 0 0 0 3  J = 0 . 0 0 0 6  G = 8 . 3 3 e + 0 0 7  \
A = 0 . 0 1 5 7  0 = 0 . 4 0 6  S = 1 . 2 1  K=1
E =  0 H= 0 A= 1 S =  1 G= 0 C= 0
5 5 : NPX,  NPY
0 . 8 1 2  1 . 6 2 4  1 . 6 2 4  0 . 8 1 2
0 . 8 1 2  1 . 6 2 4  1 . 6 2 4  0 . 8 1 2
0 . 7 2  0 . 7 8  0 . 8 8
0 . 7 2  0 . 7 8  0 . 8 8
M I S S I N G

















S O I L
NSET= 1 L= 1 R=  1 C= 1 W= 0 0 =  0 S =  0 : N l a y e r s , k c y c
3 2  1 6 3 0 0  9 . 0 4  0 0 0 2 4 1 3 2  0 . 3  3 4 . 5  2 4  \
2 1 1 1 0 0 0 0 0 \
E = 0 , - 2 4  B = - 2 4  8 = 1
3 2  1 6 3 0 0  9 . 0 4  0 0 0 2 4 1 3 2  0 . 3  3 4 . 5
2 4 1 3 2  0 . 3 5  2 8 4 6 . 7  1 : S o i l  s e t  1 t i p  i n f o
CAP
E= 2 . 8 0 + 0 0 7  U= 0 . 2  T=  1 . 5  S=  2 5
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LOAD
5 L=  1 F =  5 3 0  0 0 0 0 0
SWFACT 
1 F=  0 0
A 2 S  Input file for group of piles with spacing Is equal to 5D and length, L = lOT
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APPENDIX B
Sensitivity analysis of top lateral displacement 6yt for single free head piles w ith  
length L=2T and L=10T subjected to lateral forces of cyclic type that generate the 
non-linear elastic phase in p-y curve in the vicinity of soil surface
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Figure B.l The p-y curve for x=0.01 m with marked values of force F used in investigations for 
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Figure B.2 Lateral deflections of primary structure for single free head short pile with length L ^
2T = 4.58 m under variable lateral forces.
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Figure B.3 Bending moments of primary structure for single free head short pile with length L
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Figure B.4 Bending moments of adjoint structure subjected to F = 1 for single f r e e  head short 
pile with length L = 2T = 4.58 m u n d e r  variable lateral forces.
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Figure B.5 Lateral deflections of adjoint structure subjected to F = 1 for single free head short 
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Figure B.6 Soil resistances of adjoint structure subjected to F = 1 for single free head short pile 
with length L = 2T = 4.58 m under variable lateral forces.
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Figure B.7 Distributions of sensitivity integrand, , affecting the changes of the pile head
lateral deflection, yt due to the changes of the bending stiffness of the pile, El for single free head 
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Figure B.8 Distributions of sensitivity integrand, , affecting the changes of the pile head
lateral deflection, y, due to the changes of the width of the pile, b for single free head short pile 
with length L = 2T = 4.58 m subjected to horizontal force, F of discrete variability.
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Figure B.9 Distributions of sensitivity integrand, , affecting the changes of the pile head
lateral deflection, yt due to the changes of submerged unit weight of soil, y' for single free head 













Figure B.IO Distributions of sensitivity integrand, , affecting the changes of the pile head 
lateral deflection, yt due to the changes of the angle of internal friction, <|) for single free head 
short pile with length L = 2T = 4.58 m subjected to horizontal force, F of discrete variability.
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Figure B.l 1 Distributions of sensitivity integrand, , affecting the changes of the pile head
lateral deflection, yt due to the changes of the coefficient of lateral earth pressure of Rankine 
active type. Kg for single free head short pile with length L = 2T = 4.58 m subjected to horizontal
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Figure B.12 Distributions of sensitivity integrand, , affecting the changes of the pile head
lateral deflection, yt due to the changes of the modulus of subgrade reaction, k for single free head 
short pile with length L = 2T = 4.58 m subjected to horizontal force, F of discrete variability.
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Figure B.l 3 Quantitative assessment of sensitivity, , affecting the changes of the pile head
lateral deflection, y, due to the changes of the bending stiffness of the pile, El for single free head 
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Figure B.14 Quantitative assessment of sensitivity, , affecting the changes of the pile head
lateral deflection, yt due to the changes of the width of the pile, b for single free head short pile 
with length L = 2T = 4.58 m subjected to horizontal force, F of discrete variability.
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Figure B.15 Quantitative assessment of sensitivity, , affecting the changes of the pile head
lateral deflection, yt due to the changes of submerged unit weight of soil, y' for single free head 
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Figure B. 16 Quantitative assessment of sensitivity, , affecting the changes of the pile head
lateral deflection, yt due to the changes of the angle of internal fric tio n , (j) for single free head 
short pile with length L = 2T = 4.58 m subjected to horizontal force, F of discrete variability.
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Figure B. 17 Quantitative assessment of sensitivity, , affecting the changes of the pile head
lateral deflection, yt due to the changes of the coefficient of lateral earth pressure of Rankine 
active type, Ka for single free head short pile with length L = 2T = 4.58 m subjected to horizontal
force, F of discrete variability.
X 1 0 '
13 17 21 25 29 33
F (kl4)
F
Figure B.l 8 Quantitative assessment of sensitivity, , affecting the changes of the pile head
lateral deflection, yt due to the changes of the modulus of subgrade reaction, k for single free head 
short pile with length L = 2T = 4.58 m subjected to horizontal force, F of discrete variability.
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Figure B.l 9 Relative sensitivity factor, R gj, affecting the changes of the pile head lateral
deflection, yt due to the changes of the bending stiffness of the pile, El for single free head short 
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Figure B.20 Relative sensitivity factor, R^^, affecting the changes of the pile head lateral
deflection, yt due to the changes of the width of the pile, b for single free head short pile with 
length L = 2T = 4.58 m subjected to horizontal force, F of discrete variability.
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Figure B.21 Relative sensitivity factor, , affecting the changes of the pile head lateral
deflection, yt due to the changes of the submerged unit weight of soil, y' for single free head 
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Figure B.22 Relative sensitivity factor, R^^, affecting the changes of the pile head lateral 
deflection, yt due to the changes of the angle of internal friction, (ji for single free head short pile 
with length L = 2T = 4.58 m subjected to horizontal force, F of discrete variability.
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Figure B.23 Relative sensitivity factor, , affecting the changes of the pile head lateral
deflection, yt due to the changes of the coefficient of lateral earth pressure of Rankine active type, 
Ka for single fi'ee head short pile with length L = 2T = 4.58 m subjected to horizontal force, F of
discrete variability.
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Figure B.24 Relative sensitivity factor, R j^^ , a f f e c t i n g  the changes of the pile head lateral
deflection, y, due to the changes of the modulus of subgrade reaction, k for single f r e e  head short 
pile with length L  =  2 T  = 4.58 m subjected to horizontal force, F of discrete variability.
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Figure B.25 The p-y curve for x=0.07 m with marked values of force F used in investigations for 
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Figure B.26 Lateral deflections of primary structure for single free head long pile with length L  ^
lOT = 22.9 m under variable lateral forces.
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Figure B.27 Bending moments of primary structure for single free head long pile with length L ^
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Figure B.28 Bending moments of adjoint structure subjected to F = 1 for single free head long 
pile with length L = lOT = 22.9 m under variable lateral forces.
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Figure B.29 Lateral deflections of adjoint structure subjected to F = 1 for single free head long 
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Figure B.30 Soil resistances of adjoint structure subjected to F = 1 for single free head long pile 
with length L = lOT = 22.9 m under variable lateral forces.
161
Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.








* 2 4 k rr
D 30 W
0 ,36 m













Figure B.31 Distributions of sensitivity integrand, Pg[ , affecting the changes of the pile head
lateral deflection, y, due to the changes of the bending stiffness of pile, El for single free head 
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Figure B.32 Distributions of sensitivity integrand, , affecting the changes of the pile head
lateral deflection, yt due to the changes of the width of pile, b for single free head long pile with 
length L = lOT = 22.9 m subjected to horizontal force, F of discrete variability.
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Figure B.33 Distributions of sensitivity integrand, P̂ , , affecting changes of the pile head lateral
deflection, yt due to the changes of the submerged unit weight of soil, y' for single free head long 
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Figure B.34 Distributions of sensitivity integrand, , affecting the changes of the pile head
lateral deflection, yt due to the changes of the angle of internal friction, <j) for single free head 
long pile with length L = lOT = 22.9 m  subjected to horizontal force, F  of discrete variability.
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Figure B.35 Distributions of sensitivity integrand, , affecting the changes of the pile head
lateral deflection, yt due to the changes of the coefficient of lateral earth pressure of Rankine 
active type, IQ for single free head long pile with length L = lOT = 22.9 m subjected to horizontal






* 2 4  kN
O 30UT
36 m
★ 43  m
*  10
Figure B.3 6 Distributions of sensitivity integrand, Pj,  ̂, affecting the changes of the pile head
lateral deflection, yt due to the changes of the modulus of subgrade reaction, k for single free head 
long pile with length L = lOT = 22.9 m subjected to horizontal force, F of discrete variability.
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Figure B.3 7 Quantitative assessment of sensitivity, , affecting the changes of the pile head
lateral deflection, yt due to the changes of the bending stiffness of the pile, El for single free long 
pile with length L = lOT = 22.9 m subjected to horizontal force, F of discrete variability.




Figure B.3 8 Quantitative assessment of sensitivity, , affecting the changes of the pile head
lateral deflection, yt due to the changes of the width of the pile, b for single free head long pile 
with length L = lOT = 22.9 m subjected to horizontal force, F of discrete variability.
165




Figure B.3 9 Quantitative assessment of sensitivity, , affecting the changes of the pile head
lateral deflection, y, due to the changes of submerged unit weight of soil, y' for single free head 
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Figure B.40 Quantitative assessment of sensitivity, , affecting the changes of the pile head 
lateral deflection, y, due to the changes of the angle of internal friction, (|) for single free head 
long pile with length L = lOT = 22.9 m subjected to horizontal force, F of discrete variability.
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Figure B.41 Quantitative assessment of sensitivity, , affecting the changes of the pile head
lateral deflection, y, due to the changes of the coefficient of lateral earth pressure of Rankine 
active type, Ka for single free head long pile with length L = lOT = 22.9 m subjected to horizontal




Figure B.42 Quantitative assessment of sensitivity, , affecting the changes of the pile head
lateral deflection, yt due to the changes of the modulus of subgrade reaction, k for single free head 
long pile with length L = lOT = 22.9 m subjected to horizontal force, F of discrete variability.
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Figure B.43 Relative sensitivity factor, R gj, affecting the changes of the pile head lateral
deflection, y, due to the changes of the bending stiffiiess of pile, El for single free head long pile 
with length L = lOT = 22.9 m subjected to horizontal force, F of discrete variability.
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Figure B.44 Relative sensitivity factor, R^^, affecting the changes of the pile head lateral
deflection, yt due to the changes of the width of pile, b for single free head long pile with length L 
= lOT = 22.9 m subjected to horizontal force, F of discrete variability.
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Figure B.45 Relative sensitivity factor, , affecting the changes of the pile head lateral
deflection, yt due to the changes of the submerged unit weight of soil, y' for single free head long 
pile with length L = lOT = 22.9 m subjected to horizontal force, F of discrete variability.
te 24
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Figure B.46 Relative sensitivity factor, R^^, affecting the changes of the pile head lateral
deflection, yt due to the changes of the angle of internal friction, <t> for single free head long pile 
with length L = lOT = 22.9 m subjected to horizontal force, F of discrete variability.
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Figure B.47 Relative sensitivity factor, , affecting the changes of the pile head lateral
deflection, yt due to the changes of the coefficient of lateral earth pressure of Rankine active type, 




Figure B.48 Relative sensitivity factor, Rĵ  ̂, affecting the changes of the pile head lateral
deflection, yt due to the changes of the modulus of subgrade reaction, k for single free head long 
pile with length L = lOT = 22.9 m subjected to horizontal force, F of discrete variability.
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APPENDIX C
Sensitivity analysis of top lateral displacement 5yt for single free head piles with 
length L=2T and L=10T subjected to lateral forces of cyclic type that generate the 
linear hardening phase in p-y curve in the vicinity of soil surface
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Figure C.l The p-y curve for x=0.01 m with marked values of force F used in investigations for 
















Figure C.2 Lateral deflections of primary structure for single free head short pile with length L ^
2T = 4.58 m under variable lateral forces.
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Figure C.3 Bending moments of primary structure for single free head short pile with length L ■
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Figure C.4 Bending moments of adjoint structure subjected to F = 1 for single free head short 
pile with length L = 2T = 4.58 m under variable lateral forces.
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Figure C.5 Lateral deflections of adjoint structure subjected to F = 1 for single free head short 
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Figure C.6 Soil resistances of adjoint structure subjected to F = 1 for single free head short pile 
with length L = 2T = 4.58 m under variable lateral forces.
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Figure C.l Distributions of sensitivity integrand, , affecting the changes of the pile head
lateral deflection, y, due to the changes of the bending stiffness of the pile, El for single free head 
short pile with length L = 2T = 4.58 m subjected to horizontal force, F of discrete variability.
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Figure C.8 Distributions of sensitivity integrand, , affecting the changes of the pile head
lateral deflection, y, due to the changes of the width of the pile, b for single free head short pile 
with length L = 2T = 4.58 m subjected to horizontal force, F of discrete variability.
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Figure C.9 Distributions of sensitivity integrand, , affecting the changes of the pile head
lateral deflection, yt due to changes of the submerged unit weight of soil, y' for single free head 
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Figure C.IO Distributions of sensitivity integrand, , affecting the changes of the pile head 
lateral deflection, yt due to the changes of the angle of internal friction, (j> for single free head 
short pile with length L = 2T = 4.58 m subjected to horizontal force, F of discrete variability.
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Figure C.l 1 Distributions of sensitivity integrand, Pj7 , affecting the changes of the pile head
lateral deflection, yt due to the changes of the coefficient of lateral earth pressure of Rankine 
active type, Ka for single free head short pile with length L = 2T = 4.58 m subjected to horizontal
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Figure C.12 Distributions of sensitivity integrand, , affecting the changes of the pile head
lateral deflection, yt due to the changes of the modulus of subgrade reaction, k for single free head 
short pile with length L = 2T = 4.58 m subjected to horizontal force, F of discrete variability.
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Figure C. 13 Quantitative assessment of sensitivity, , affecting the changes of the pile head
lateral deflection, yt due to the changes of the bending stiffness of the pile, El for single free head 
short pile with length L = 2T = 4.58 m subjected to horizontal force, F of discrete variability.
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Figure C . 14 Quantitative assessment of sensitivity, , affecting the changes of the p i l e  head
lateral deflection, yt d u e  to the changes of the width of the pile, b for single free head short pile 
with length L = 2T = 4.58 m subjected to horizontal force, F of discrete variability.
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Figure C.l 5 Quantitative assessment of sensitivity, , affecting the changes of the pile head
lateral deflection, yt due to the changes of submerged imit weight of soil, y' for single free head 
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Figure C.l 6 Quantitative assessment of sensitivity, affecting the changes of the pile head
lateral deflection, yt due to the changes of the angle of internal friction, (j) for single free head 
short pile with length L = 2T = 4.58 m subjected to horizontal force, F of discrete variability.
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Figure C. 17 Quantitative assessment of sensitivity, , affecting the changes of the pile head
lateral deflection, y, due to the changes of the coefficient of lateral earth pressure of Rankine 
active type, Ka for single fi-ee head short pile with length L = 2T = 4.58 m subjected to horizontal
force, F of discrete variability.
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Figure C.l 8 Quantitative assessment of sensitivity, , affecting the changes of the pile head
lateral deflection, yt due to the changes of the modulus of subgrade reaction, k for single free head 
short pile with length L = 2T = 4.58 m subjected to horizontal force, F of discrete variability.
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Figure C. 19 Relative sensitivity factor, Rgj , affecting the changes of the pile head lateral
deflection, yt due to the changes of the bending stiffness of pile, El for single free head short pile 
with length L = 2T = 4.58 m subjected to horizontal force, F of discrete variability.
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Figure C.20 Relative sensitivity factor, R^^, affecting the changes of the pile head lateral
deflection, yt due to the changes of the width of the pile, b for single free head short pile with 
length L = 2T = 4.58 m subjected to horizontal force, F of discrete variability.
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Figure C.21 Relative sensitivity factor, , affecting the changes of the pile head lateral
deflection, yt due to the changes of the submerged unit weight of soil, y' for single free head 
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Figure C.22 Relative sensitivity factor, R^^, affecting the changes of the pile head lateral
deflection, yt due to the changes of the angle of internal friction, (j) for single free head short pile 
with length L = 2T = 4.58 m subjected to horizontal force, F of discrete variability.
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Figure C.23 Relative sensitivity factor, , affecting the changes of the pile head lateral
deflection, yt due to the changes of the coefficient of lateral earth pressure of Rankine active type, 
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Figure C.24 Relative sensitivity factor, Rĵ  ̂, affecting the changes of the pile head lateral
deflection, yt due to the changes of the modulus of subgrade reaction, k for single free head short 
pile with length L = 2T = 4.58 m subjected to horizontal force, F of discrete variability.
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Figure C.25 The p-y curve for x=0.07 m with marked values of force F used in investigations for 















Figure C.26 Lateral deflections of primary structure for single free head long pile with length L ^
lOT = 22.9 m under variable lateral forces.
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Figure C.27 Bending moments of primary structure for single free head long pile with length L ^
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Figure C.28 Bending moments of adjoint structure subjected to F = 1 for single free head long 
pile with length L = lOT = 22.9 m under variable lateral forces.
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Figure C.29 Lateral deflections of adjoint structure subjected to F = 1 for single free head long 
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Figure C.30 Soil resistances of adjoint structure subjected to F = 1 for single free head long pile 
with length L = lOT = 22.9 m under variable lateral forces.
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Figure C.31 Distributions of sensitivity integrand, Pĝ  , affecting the changes of the pile head
lateral deflection, y, due to the changes of the bending stiffness of the pile, El for single free long 
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Figure C.32 Distributions of sensitivity integrand, , affecting the changes of the pile head
lateral deflection, y, due to the changes of the width of the pile, b for single free head long pile 
with length L = lOT = 22.9 m subjected to horizontal force, F of discrete variability.
187















Figure C.33 Distributions of sensitivity integrand, , affecting the changes of the pile head
lateral deflection, yt due to the changes of submerged unit weight of soil, y' for single free head 
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Figure C.34 Distributions of sensitivity integrand, , affecting the changes of the pile head
lateral deflection, yt due to the changes of the angle of internal friction, (j) for single free head 
long pile with length L = lOT = 22.9 ra subjected to horizontal force, F of discrete variability.
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Figure C.35 Distributions of sensitivity integrand, P„  ̂ , affecting the changes of the pile head
lateral deflection, yt due to the changes of the coefficient of lateral earth pressure of Rankine 
active type, Kg for single free head long pile with length L = lOT = 22.9 m subjected to horizontal










Figure C.36 Distributions of sensitivity integrand, , affecting the changes of the pile head
lateral deflection, yt due to the changes of the modulus of subgrade reaction, k for single free head 
long pile with length L = lOT = 22.9 m subjected to horizontal force, F of discrete variability.
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Figure C.37 Quantitative assessment of sensitivity, Wgj ,̂ affecting the changes of the pile head
lateral deflection, yt due to the changes of the bending stiffness of the pile, El for single free head 
long pile with length L = lOT = 22.9 m subjected to horizontal force, F of discrete variability.
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Figure C.38 Quantitative assessment of sensitivity, , affecting the changes of the pile head
lateral deflection, yt due to the changes of the width of the pile, b for single free head long pile 
with length L = lOT = 22.9 m subjected to horizontal force, F of discrete variability.
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Figure C.39 Quantitative assessment of sensitivity, , affecting the changes of the pile head
lateral deflection, yt due to the changes of submerged unit weight of soil, y' for single free head 











Figure C.40 Quantitative assessment of sensitivity, , affecting the changes of the pile head
lateral deflection, yt due to the changes of the angle of internal friction, (j> for single free head 
long pile with length L = lOT = 22.9 m subjected to horizontal force, F of discrete variability.
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Figure C.41 Quantitative assessment of sensitivity, , affecting the changes of the pile head
lateral deflection, yt due to the changes of the coefficient of lateral earth pressure of Rankine 
active type, Ka for single free head long pile with length L = lOT = 22.9 ra subjected to horizontal
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Figure C.42 Quantitative assessment of sensitivity, , affecting the changes of the pile head
lateral deflection, y, due to the changes of the modulus of subgrade reaction, k for single free head 
long pile with length L = lOT = 22.9 m subjected to horizontal force, F of discrete variability.
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Figure C.43 Relative sensitivity factor, Rgj, affecting the changes of the pile head lateral
deflection, yt due to the changes of the bending stiffness of pile, El for single free head long pile 
with length L = lOT = 22.9 m subjected to horizontal force, F of discrete variability.
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Figure C.44 Relative sensitivity factor, R^^, affecting the changes of the pile head lateral
deflection, yt due to the changes of the width of the pile, b for single free head long pile with 
length L = lOT = 22.9 m subjected to horizontal force, F of discrete variability.
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Figure C.45 Relative sensitivity factor, , affecting the changes of the pile head lateral
deflection, yt due to the changes of the submerged unit weight of soil, y' for single free head long 
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Figure C.46 Relative sensitivity factor, R^^, affecting the changes of the pile head lateral
deflection, yt due to the changes of the angle of internal friction, (j) for single free head long pile 
with length L = lOT = 22.9 m subjected to horizontal force, F of discrete variability.
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Figure C.47 Relative sensitivity factor, , affecting the changes of the pile head lateral
deflection, yt due to the changes of the coefficient of lateral earth pressure of Rankine active type, 












Figure C.48 Relative sensitivity factor, Rĵ  ̂, affecting the changes of the pile head lateral
deflection, yt due to the changes of the modulus of subgrade reaction, k for single free head long 
pile with length L = lOT = 22.9 m subjected to horizontal force, F of discrete variability.
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APPENDIX D
Sensitivity analysis of top lateral displacement 8yt for single free head piles with 
length L=2T and L=10T subjected to lateral forces of cyclic type that generate the 
plastic flow phase in p-y curve in the vicinity of soil surface
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Figure D. 1 The p-y curve for x=0.01 m with marked values of force F used in investigations for 
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Figure D.2 Lateral deflections of primary structure for single free head short pile with length L ^
2T = 4.58 m under variable lateral forces.
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Figure D.3 Bending moments of primary structure for single free head short pile with length L ^
2T = 4.58 m under variable lateral forces.
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Figure D.4 Bending moments of adjoint structure subjected to F = 1 for single free head short 
pile with length L = 2T = 4.58 m under variable lateral forces.
198
Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.
JSUI 
O  4-2 M l  
X 46 m 
+  50  kN 
»  54kI'J 
O  5 S k N
0 6-m
1 2  3 4
L a te ra l  s f e f k c tb o s  |m )
Figure D.5 Lateral deflections of adjoint structure subjected to F = 1 for single free head short 






»  90 kN
O  97 kN
- 2  -1 0
S o i lK d s t a n c e  fL N /m )
Figure D.6 Soil resistances of adjoint structure subjected to F = 1 for single free head short pile 
with length L = 2T = 4.58 m under variable lateral forces.
199





X 76  kN
+ S3kt'I
« 90  kN
D 97  kN
X 10
Figure D.7 Distributions of sensitivity integrand, , affecting the changes of the pile head
lateral deflection, yt due to the changes of the bending stiffness of the pile, El for single free head 







Figure D.8 Distributions of sensitivity integrand, , affecting the changes of the pile head
lateral deflection, y, due to the changes of the width of pile, b for single free head short pile with 
length L = 2T = 4.58 m subjected to horizontal force, F of discrete variability.
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Figure D.9 Distributions of sensitivity integrand, , affecting the changes of the pile head
lateral deflection, yt due to the changes of submerged unit weight of soil, y' for single free head 
short pile with length L = 2T = 4.58 m subjected to horizontal force, F of discrete variability.
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FFigure D.IO Distributions of sensitivity integrand, , affecting the changes of the pile head
lateral deflection, y, due to the changes of the angle of internal friction, <t> for single free head 
short pile with length L = 2T = 4.58 m subjected to horizontal force, F of discrete variability.
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Figure D.l 1 Distributions of sensitivity integrand, , affecting the changes of the pile head
lateral deflection, yt due to the changes of the coefficient of lateral earth pressure of Rankine 
active type, Ka for single free head short pile with length L = 2T = 4.58 m subjected to horizontal
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Figure D.l 2 Distributions of sensitivity integrand, , affecting the changes of the pile head
lateral deflection, yt due to the changes of the modulus of subgrade reaction, k for single free head 
short pile with length L = 2T = 4.58 m subjected to horizontal force, F of discrete variability.
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Figure D. 13 Quantitative assessment of sensitivity, , affecting the changes of the pile head
lateral deflection, yt due to the changes of the bending stiffness of the pile, El for single free head 











Figure D.14 Quantitative assessment of sensitivity, , affecting the changes of the pile head
lateral deflection, yt due to the changes of the width of the pile, b for single free head short pile 
with length L = 2T = 4.58 m subjected to horizontal force, F of discrete variability.
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Figure D.l 5 Quantitative assessment of sensitivity, , affecting the changes of the pile head
lateral deflection, yt due to the changes of submerged unit weight of soil, y' for single free head 












Figure D.16 Quantitative assessment of sensitivity, , affecting the changes of the pile head
lateral deflection, yt due to the changes of the angle of internal friction, (j) for single free head 
short pile with length L = 2T = 4.58 m subjected to horizontal force, F of discrete variability.
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Figure D.17 Quantitative assessment of sensitivity, , affecting the changes of the pile head
lateral deflection, yt due to the changes of the coefficient of lateral earth pressure of Rankine 
active type, Ka for single Iree head short pile with length L = 2T = 4,58 m subjected to horizontal














Figure D.18 Quantitative assessment of sensitivity, , affecting the changes of the pile head
lateral deflection, yt due to the changes of the modulus of subgrade reaction, k for single free head 
short pile with length L = 2T = 4.58 m subjected to horizontal force, F of discrete variability.
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Figure D. 19 Relative sensitivity factor, , affecting the changes of the pile head lateral
deflection, yt due to the changes of the bending stiffness of pile, El for single free head short pile 
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Figure D.20 Relative sensitivity factor, R^^, affecting the changes of the pile head lateral
deflection, yt due to the changes of the width of the pile, b for single free head short pile with 
length L = 2T = 4.58 m subjected to horizontal force, F of discrete variability.
206






S2 S9 7S S3
F (kN)
90 97
Figure D.21 Relative sensitivity factor, , affecting the changes of the pile head lateral
deflection, y, due to the changes of the submerged unit weight of soil, y' for single free head 
short pile with length L = 2T = 4.58 m subjected to horizontal force, F of discrete variability.
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Figure D.22 Relative sensitivity factor, R^^, affecting the changes of the pile head lateral
deflection, yt due to the changes of the angle of internal friction, (j) for single free head short pile 
with length L = 2T = 4.58 m subjected to horizontal force, F of discrete variability.
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Figure D.23 Relative sensitivity factor, , affecting the changes of the pile head lateral
deflection, yt due to the changes of the coefficient of lateral earth pressure of Rankine active type, 
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Figure D.24 Relative sensitivity factor, Rĵ  ̂, affecting the changes of the pile head lateral
deflection, y, due to the changes of the modulus of subgrade reaction, k for single free head short 
pile with length L = 2T = 4.58 m subjected to horizontal force, F of discrete variability.
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Figure D.25 The p-y curve for x=0.07 m with marked values of force F used in investigations for 
L = lOT = 22.9 m under free head single pile condition.
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Figure D.26 Lateral deflections of primary structure for single free head long pile with length L
= lOT = 22.9 m under variable lateral forces.
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Figure D.27 Bending moments of primary structure for single free head long pile with length L •
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Figure D.28 Bending moments of adjoint structure subjected to F = 1 for single free head long 
pile with length L = lOT = 22.9 m under variable lateral forces.
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Figure D.29 Lateral deflections of adjoint structure subjected to F = 1 for single free head long 
pile with length L = lOT = 22.9 m under variable lateral forces.
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Figure D.30 Soil resistances of adjoint structure subjected to F = 1 for single free head long pile 
with length L = lOT = 22.9 m under variable lateral forces.
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Figure D.31 Distributions of sensitivity integrand, , affecting changes of the pile head lateral
deflection, yt due to the changes of the bending stiffness of the pile, El for single free head long 


















Figure D.32 Distributions of sensitivity integrand, , affecting the changes of the pile head
lateral deflection, yt due to the changes of the width of the pile, b for single free head long pile 
with length L = lOT = 22.9 m subjected to horizontal force, F of discrete variability.
212














-0 .014  -O B ia  -0.01 -0 .0 0 0  -oflos -0004 -ooce
P /̂fkN)y  ̂ '
<B0
Figure D.33 Distributions of sensitivity integrand, P. 7̂, affecting the changes of the pile head
lateral deflection, yt due to the changes of submerged unit weight of soil, y' for single free head 


















Figure D.34 Distributions of sensitivity integrand, , affecting the changes of the pile head
lateral deflection, yt due to the changes of the angle of internal friction, (j) for single free head 
long pile with length L = lOT = 22.9 m subjected to horizontal force, F of discrete variability.
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Figure D.35 Distributions of sensitivity integrand, , affecting the changes of the pile head
lateral deflection, yt due to the changes of the coefficient of lateral earth pressure of Rankine 
active type, Ka for single free head long pile with length L = lOT = 22.9 m  subjected to horizontal
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F i g u r e  D.36 Distributions of sensitivity integrand, , affecting the changes of the pile head
lateral deflection, y, due to the changes of modulus of subgrade reaction, k for single free head 
long pile with length L = lOT = 22.9 m  subjected to variable horizontal force, F.
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Figure D.3 7 Quantitative assessment of sensitivity, , affecting the changes of the pile head
lateral deflection, y, due to the changes of the bending stiffness of the pile, El for single free head 
long pile with length L = lOT = 22.9 m subjected to variable horizontal force, F.
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Figure D.38 Quantitative assessment of sensitivity, , affecting the changes of the pile head
lateral deflection, y , due to the changes of the width of the pile, b for single free head long pile 
with length L = lOT = 22.9 m subjected to horizontal force, F of discrete variability.
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Figure D.S9 Quantitative assessment of sensitivity, , affecting the changes of the pile head
lateral deflection, yt due to the changes of submerged unit weight of soil, y' for single free head 
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Figure D.40 Quantitative assessment of sensitivity, , affecting the changes of the pile head
lateral deflection, y, due to the changes of the angle of internal friction, (j) for single free head 
long pile with length L = lOT = 22.9 m subjected to horizontal force, F of discrete variability.
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Figure D.41 Quantitative assessment of sensitivity, , affecting the changes of the pile head
lateral deflection, y, due to the changes of the coefficient of lateral earth pressure of Rankine 
active type, Ka for single free head long pile with length L = lOT = 22.9 m subjected to horizontal
force, F of discrete variability.
F (kN)
FyFigure D.42 Quantitative assessment of sensitivity, , affecting the changes of the pile head
lateral deflection, yt due to the changes of the modulus of subgrade reaction, k for single free head 
long pile with length L = lOT = 22.9 m subjected to horizontal force, F of discrete variability.
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Figure D.43 Relative sensitivity factor, Rgj , affecting the changes of the pile head lateral
deflection, yt due to the changes of the bending stiffness of the pile, El for single free head long 
pile with length L = lOT = 22.9 m subjected to horizontal force, F of discrete variability.
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Figure D.44 Relative sensitivity factor, R^^, affecting the changes of the pile head lateral
deflection, yt due to the changes of the width of the pile, b for single free head long pile with 
length L = lOT = 22.9 m subjected to horizontal force, F of discrete variability.
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Figure D.45 Relative sensitivity factor, R ?̂’, affecting the changes of the pile head lateral
deflection, yt due to the changes of the submerged unit weight of soil, y' for single free head long 
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Figure D.46 Relative sensitivity factor, R^^, affecting the changes of the pile head lateral
deflection, yt due to the changes of the angle of internal friction, (j) for single free head long pile 
with length L = lOT = 22.9 m subjected to horizontal force, F of discrete variability.
219
Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.
F  fkN )
Figure D.47 Relative sensitivity factor, , affecting the changes of the pile head lateral
deflection, y, due to the changes of the coefficient of lateral earth pressure of Rankine active type, 
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Figure D.48 Relative sensitivity factor, Rĵ  ̂, affecting the changes of the pile head lateral
deflection, yt due to the changes of the modulus of subgrade reaction, k for single free head long 
pile with length L = lOT = 22.9 m subjected to horizontal force, F of discrete variability.
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APPENDIX E
Sensitivity analysis of top lateral displacement 5yt for single fixed head piles with 
length L=2T and L=10T subjected to lateral forces of cyclic type that generate the 
non-linear elastic phase in p-y curve in the vicinity of soil surface
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Figure E.l The p-y curve for x=0.01 m with marked values of force F used in investigations for 
L = 2 T  = 3.36 m  under fixed head single pile condition.
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Figure E.2 Lateral deflections of primary structure for single fixed head short pile with length L
= 2T = 3.36 m under variable lateral forces.
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Figure E.3 Bending moments of primary structure for single fixed head short pile with length L ^













Figure E.4 Bending moments of adjoint structure subjected to F = 1 for single fixed head short 
pile with length L = 2T = 3.36 m under variable lateral forces.
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Figure E.5 Lateral deflections of adjoint structure subjected to F = 1 for single fixed head short 
pile with length L = 2T = 3.36 m under variable lateral forces.
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Figure E.6 Soil resistances of adjoint structure subjected to F = 1 for single fixed head short pile 
with length L = 2T = 3.36 m under variable lateral forces.
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Figure E.7 Distributions of sensitivity integrand, Pgĵ  , affecting the changes of the pile head
lateral deflection, yt due to the changes of the bending stiffness of pile, El for single fixed head 
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Figure E.8 Distributions of sensitivity integrand, , affecting the changes of the pile head
lateral deflection, y, due to the changes of the width of the pile, b for single fixed head short pile 
with length L = 2T = 3.36 m subjected to horizontal force, F of discrete variability.
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Figure E.9 Distributions of sensitivity integrand, , affecting the changes of the pile head
lateral deflection, y, due to the changes of submerged unit weight of soil, y' for single fixed head 
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Figure E.IO Distributions of sensitivity integrand, , affecting the changes of the pile head
lateral deflection, yt due to the changes of the angle of internal friction, (j) for single f ix e d  head 
short pile with length L = 2T = 3.36 m subjected to horizontal force, F of discrete variability.
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Figure E. 11 Distributions of sensitivity integrand, P„  ̂ , affecting the changes of the pile head
lateral deflection, y, due to the changes of the coefficient of lateral earth pressure of Rankine 
active type, Ka for single fixed head short pile with length L = 2T = 3.36 m subjected to 
horizontal force, F of discrete variability.












Figure E.l 2 Distributions of sensitivity integrand, , affecting the changes of the pile head
lateral deflection, yt due to the changes of modulus of subgrade reaction, k for single fixed head 
short pile with length L = 2T = 3.36 m subjected to horizontal force, F of discrete variability.
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Figure E.l 3 Quantitative assessment of sensitivity, , affecting the changes of the pile head
lateral deflection, y, due to the changes of the bending stiffness of pile, El for single fixed head 
short pile with length L = 2T = 3.36 m subjected to horizontal force, F of discrete variability.
F (kN)
Figure E. 14 Quantitative assessment of sensitivity, , affecting the changes of the pile head
lateral deflection, y, due to the changes of the width of the pile, b for single fixed head short pile 
with length L = 2T = 3.36 m subjected to horizontal force, F of discrete variability.
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Figure E. 15 Quantitative assessment of sensitivity, , affecting the changes of the pile head
lateral deflection, yt due to the changes of submerged unit weight of soil, y' for single fixed head 
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Figure E . l  6  Quantitative assessment of sensitivity, , affecting the changes of the pile head
lateral deflection, y, due to the changes of the angle of internal friction, cj) for single f i x e d  head 
short pile with length L  = 2T = 3.36 m subjected to horizontal force, F  of discrete variability.
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Figure E.l 7 Quantitative assessment of sensitivity, , affecting the changes of the pile head
lateral deflection, y, due to the changes of the coefficient of lateral earth pressure of Rankine 
active type, Ka for single fixed head short pile with length L = 2T = 3.36 m subjected to 
horizontal force, F of discrete variability.
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Figure E.l 8 Quantitative assessment of sensitivity, , affecting the changes of the pile head
lateral deflection, yt due to the changes of modulus of subgrade reaction, k for single fixed head 
short pile with length L = 2T = 3.36 m subjected to horizontal force, F of discrete variability.
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Figure E.l 9 Relative sensitivity factor, Rgj , affecting the changes of the pile head lateral
deflection, yt due to the changes of the bending stiffness of the pile, El for single fixed head short 
pile with length L = 2T = 3.36 m subjected to horizontal force, F of discrete variability.
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Figure E.20 Relative sensitivity factor, R^^, affecting the changes of the pile head lateral
deflection, yt due to the changes of the width of the pile, b for single fixed head short pile with 
length L = 2T = 3.36 m subjected to horizontal force, F of discrete variability.
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Figure E.21 Relative sensitivity factor, , affecting the changes of the pile head lateral
deflection, yt due to the changes of the submerged unit weight of soil, y' for single fixed head 
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Figure E.22 Relative sensitivity factor, , affecting the changes of the pile head lateral
deflection, y t due to the changes of the angle of internal friction, (j) for single fixed head short pile 
with length L = 2T = 3.36 m subjected to horizontal force, F of discrete variability.
232




2 10 IS ^  34 42 »  58 ®  74 @3
F CkN)
Figure E.23 Relative sensitivity factor, , affecting the changes of the pile head lateral
deflection, yt due to the changes of the coefficient of lateral earth pressure of Rankine active type, 
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FvFigure E.24 Relative sensitivity factor, R̂ ,̂  , affecting the changes of the pile head lateral
deflection, yt due to the changes of the modulus of subgrade reaction, k for single fixed head short 
pile with length L = 2T = 3.36 m subjected to horizontal force, F of discrete variability.
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Figure E.25 The p-y curve for x=0.05 m with marked values of force F used in investigations for 






0.0015 0.0035 0.0055 0.0075
 y k
 y (3 kN)
-6~y(15kN)
- > < - y ( 3 0 k N )
- ® - y ( 4 5 k N )
- e - y ( 6 0 k N )
- » r - y ( 7 5 k N )
-t—y(90 kN)
H H - y ( 1 0 6 k N )
" “ ym
Figure E.26 Lateral deflections of primary structure for single fixed head long pile with length L
= lOT = 16.8 m under variable lateral forces.
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Figure E.27 Bending moments of primary structure for single fixed head long pile with length L
= lOT = 16.8 m under variable lateral forces.
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Figure E.28 Bending moments of adjoint structure subjected to F = 1 for single fixed head long 
pile with length L = lOT = 16.8 m under variable lateral forces.
235
Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.
0 3 kN 
15 kN  





*  106 kM
2 4
L a te ra l  sfefk ic tions (m ) X 1 0 '
Figure E.29 Lateral deflections of adjoint structure subjected to F = 1 for single fixed head long 
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Figure E.30 Soil resistances of adjoint structure subjected to F = 1 for single fixed head long pile 
with length L = lOT = 16.8 m under variable lateral forces.
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Figure E.31 Distributions of sensitivity integrand, Pg  ̂ , affecting the changes of the pile head
lateral deflection, y, due to the changes of the bending stiffness of pile, El for single fixed head 










Figure E.32 Distributions of sensitivity integrand, , affecting the changes of the pile head
lateral deflection, yt due to the changes of the width of the pile, b for single fixed head long pile 
with length L = lOT = 16.8 m subjected to horizontal force, F of discrete variability.
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Figure E.33 Distributions of sensitivity integrand, P.^7, affecting the changes of the pile head
lateral deflection, yt due to the changes of submerged unit weight of soil, y' for single fixed head 
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Figure E.34 Distributions of sensitivity integrand, , affecting the changes of the pile head
lateral deflection, yt due to the changes of the angle of internal fiiction, (j) for single fixed head 
long pile with length L = lOT = 16.8 m subjected to horizontal force, F of discrete variability.
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Figure E.35 Distributions of sensitivity integrand, P„  ̂ , affecting the changes of the pile headKa
lateral deflection, yt due to the changes of the coefficient of lateral earth pressure of Rankine 
active type, Ka for single fixed head long pile with length L = lOT = 16.8 m subjected to 
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Figure E.36 Distributions of sensitivity integrand, , affecting the changes of the pile head
lateral deflection, yt due to the changes of modulus of subgrade reaction, k for single fixed head 
long pile with length L = lOT = 16.8 m subjected to horizontal force, F of discrete variability.
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Figure E.37 Quantitative assessment of sensitivity, Wgj ,̂ affecting the changes of the pile head
lateral deflection, y, due to the changes of the bending stiffness of pile, El for single fixed head 
long pile with length L = lOT = 16.8 m subjected to horizontal force, F of discrete variability.
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Figure E.3 8 Quantitative assessment of sensitivity, , affecting the changes of the pile head
lateral deflection, yt due to the changes of the width of the pile, b for single fixed head long pile 
with length L = lOT = 16.8 m subjected to horizontal force, F of discrete variability.
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Figure E.39 Quantitative assessment of sensitivity, , affecting the changes of the pile head
lateral deflection, yt due to the changes of submerged unit weight of soil, y' for single fixed head 





Figure E.40 Quantitative assessment of sensitivity, , affecting the changes of the pile head 
lateral deflection, yt due to the changes of the angle of internal friction, (f) for single fixed head 
long pile with length L = lOT = 16.8 m subjected to horizontal force, F of discrete variability.
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Figure E.41 Quantitative assessment of sensitivity, , affecting the changes of the pile head
lateral deflection, yt due to the changes of the coefficient of lateral earth pressure of Rankine 
active type, Ka for single fixed head long pile with length L = lOT = 16.8 m subjected to 
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Figure E.42 Quantitative assessment of sensitivity, , affecting the changes of the pile head
lateral deflection, yt due to the changes of modulus of subgrade reaction, k for single fixed head 
long pile with length L = lOT = 16.8 m subjected to horizontal force, F of discrete variability.
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F (kN )
Figure E.43 Relative sensitivity factor, R gj, affecting the changes of the pile head lateral
deflection, yt due to the changes of the bending stiffness of the pile, El for single fixed head long 
pile with length L = lOT = 16.8 m subjected to horizontal force, F of discrete variability.
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Figure E.44 Relative sensitivity factor, R^^, affecting the changes of the pile head lateral
deflection, yt due to the changes of t h e  width of the pile, b for single f i x e d  head long pile with 
length L = lOT = 16.8 m subjected to horizontal force, F of discrete variability.
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Figure E.45 Relative sensitivity factor, , affecting the changes of the pile head lateral
deflection, yt due to the changes of the submerged unit weight of soil, y' for single fixed head 
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Figure E.46 Relative sensitivity factor, R^^, affecting the changes of the pile head lateral
deflection, yt due to the changes of the angle of internal friction, (j) for single fixed head long pile 
with length L = lOT = 16.8 m subjected to horizontal force, F of discrete variability.
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Figure E.47 Relative sensitivity factor, , affecting the changes of the pile head lateral
deflection, y, due to the changes of the coefficient of lateral earth pressure of Rankine active type, 





Figure E.48 Relative sensitivity factor, Rĵ  ̂ , affecting the changes of the pile head lateral
deflection, y, due to the changes of the modulus of subgrade reaction, k for single fixed head long 
pile with length L = lOT = 16.8 m subjected to horizontal force, F of discrete variability.
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APPENDIX F
Sensitivity analysis of top lateral displacement 5yt for single free head piles with 
length L=2T and L=10T subjected to bending moments of cyclic type that generate 
the non-linear elastic phase in p-y curve in the vicinity of soil surface
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Figure F. 1 The p-y curve for x=0.01 m with marked values of bending moment M used in 
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Figure F.2 Lateral deflections of primary structure for single free head short pile with length L • 
2T = 3.98 m subjected to variable bending moments.
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Figure F.3 Bending moments of primary structure for single free head short pile with length L = 
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Figure F.4 Bending moments of adjoint structure subjected to  F = 1 for single free head short 
pile with length L = 2 T  = 3.98 m under bending moments of discrete variability.
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Figure F.5 Lateral deflections of adjoint structure subjected to F = 1 for single free head short 
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Figure F.6 Soil resistances of adjoint structure subjected to F = 1 for single free head short pile 
with length L = 2T = 3.98 m under bending moments of discrete variability.
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Figure F.7 Distributions of sensitivity integrand, Pgj^ , affecting the changes of the pile head
lateral deflection, yt due to the changes of the bending stiffness of the pile, El for single free head 












Figure F.8 Distributions of sensitivity integrand,  ̂, affecting the changes of the pile head
lateral deflection, y , due to the changes of the width of the pile, b for single free head short pile 
with length L = 2T = 3.98 m subjected to bending moment, M of discrete variability.
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MvFigure F.9 Distributions of sensitivity integrand, P̂ ,  ̂ , affecting the changes of the pile head
lateral deflection, yt due to the changes of submerged unit weight of soil, y' for single free head 



















Figure F.IO Distributions of sensitivity integrand, P̂ '  ̂, affecting the changes of the pile head
lateral deflection, yt due to the changes of the angle of internal friction, (j> for single free head 
short pile with length L = 2T = 3.98 m subjected to bending moment, M of discrete variability.
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MvFigure F.ll Distributions of sensitivity integrand, P„  ̂, affecting the changes of the pile head
lateral deflection, yt due to the changes of the coefficient of lateral earth pressure of Rankine 
active type, Ka for single free head short pile with length L = 2T = 3.98 m subjected to bending
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MvFigure F.12 Distributions of sensitivity integrand,  ̂, affecting the changes of the pile head
lateral deflection, y , due to the changes of the modulus of subgrade reaction, k for single f r e e  head 
short pile with length L = 2T = 3.98 m subjected to bending moment, M of discrete variability.
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Figure F.13 Quantitative assessment of sensitivity, , affecting the changes of the pile head
lateral deflection, yt due to the changes of the bending stiffness of the pile, El for single free head 
short pile with length L = 2T = 3.98 m subjected to bending moment, M of discrete variability.
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Figure F. 14 Quantitative assessment of sensitivity, , affecting the changes of the pile head
lateral deflection, yt due to the changes of the width of the pile, b for single free head short pile 
with length L = 2T = 3.98 m subjected to bending moment, M of discrete variability.
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MyFigure F.15 Quantitative assessment of sensitivity, Ŵ ,  ̂, affecting the changes of the pile head
lateral deflection, yt due to the changes of submerged unit weight of soil, y' for single free head 
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Figure F.16 Quantitative assessment of sensitivity, , affecting the changes of the pile head
lateral deflection, y t  due to the changes of the angle of internal friction, (j) for single free head 
short pile with length L = 2T = 3.98 m subjected to bending moment, M of discrete variability.
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Figure F.17 Quantitative assessment of sensitivity, , affecting the changes of the pile head
lateral deflection, y, due to the changes of the coefficient of lateral earth pressure of Rankine 
active type, Ka for single free head short pile with length L = 2T = 3.98 m subjected to bending
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.MvFigure F.18 Quantitative assessment of sensitivity,  ̂, affecting the changes of the pile head
lateral deflection, y, due to the changes of the modulus of subgrade reaction, k for single free head 
s h o r t  pile with length L = 2T = 3.98 m subjected to bending moment, M of discrete variability.
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Figure F. 19 Relative sensitivity factor, , affecting the changes of the pile head lateral
deflection, yt due to the changes of the bending stiffness of pile, El for single free head short pile 
with length L = 2T = 3.98 m subjected to bending moment, M of discrete variability.
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Figure F.20 Relative sensitivity factor, R ^^, affecting the changes of the pile head lateral
deflection, y, due to the changes of the width of the pile, b for single free head short pile with 
length L = 2T = 3.98 m subjected to bending moment, M of discrete variability.
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Figure F.21 Relative sensitivity factor, , affecting the changes of the pile head lateral
deflection, yt due to the changes of the submerged unit weight of soil, y' for single free head 
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Figure F.22 Relative sensitivity factor, R^^, affecting the changes of the pile head lateral
deflection, yt due to the changes of the angle of internal friction, (j) for single free head short pile 
with length L = 2T = 3.98 m subjected to bending moment, M of discrete variability.
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Figure F.23 Relative sensitivity factor, , affecting the changes of the pile head lateral
deflection, yt due to the changes of the coefficient of lateral earth pressure of Rankine active type, 
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Figure F.24 Relative sensitivity factor, Rj,  ̂, affecting the changes of the pile head lateral
deflection, yt due to the changes of the modulus of subgrade reaction, k for single free head short 
pile with length L = 2T = 3.98 m subjected to bending moment, M of discrete variability.
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Figure F.25 The p-y curve for x=0.06 m with marked values of bending moment M used in 
investigations for L = 1OT = 19.9 m under free head single pile condition.
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Figure F.26 Lateral deflections of primary structure for single free head long pile with length L  ̂
lOT = 19.9 m subjected to variable bending moments.
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Figure F.27 Bending moments of primary structure for single free head long pile with length L ■ 
lOT = 19.9 m subjected to bending moments of discrete variability.
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Figure F .2 8  Bending moments of adjoint structure subjected to F = 1 for single free head long 
pile with length L = lOT = 19.9 m under bending moments of discrete variability.
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Figure F.29 Lateral deflections of adjoint structure subjected to F = 1 for single free head long 
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Figure F.30 Soil resistances of adjoint structure subjected to F = 1 for single free head long pile 
with length L = lOT = 19.9 m under bending moments of discrete variability.
261









• 0 3 k N .n i
0 15 tW -m
X 30 kN-m
+ 43 kW-m
» 6 0 m m
0 75 k N m
0 90  M4 m
i f 106 kN-m
-2 0 -15 -10
Io
S£ 10
.MvFigure P.31 Distributions of sensitivity integrand, Pgj ̂  , affecting the changes of the pile head
lateral deflection, yt due to the changes of the bending stiffness of the pile, El for single free head 
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MvFigure F.32 Distributions of sensitivity integrand, Pĵ   ̂, affecting the changes of the pile head
lateral deflection, y t  due to the changes of t h e  width of the pile, b for single free head long pile 
with length L = lOT = 19.9 m subjected to bending moment, M of discrete variability.
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MvFigure F.3 3 Distributions of sensitivity integrand, P̂ ,  ̂, affecting the changes of the pile head
lateral deflection, yt due to the changes of submerged unit weight of soil, y' for single free head 





















Figure F.34 Distributions of sensitivity integrand,  ̂, affecting the changes of the pile head
lateral deflection, yt due to the changes of the angle of internal friction, (j) for single free head 
long pile with length L = lOT = 19.9 m subjected to bending moment, M of discrete variability.
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MvFigure F.3 5 Distributions of sensitivity integrand, Pĵ   ̂ , affecting the changes of the pile head
lateral deflection, yt due to the changes of the coefficient of lateral earth pressure of Rankine 
active type, Ka for single free head long pile with length L = lOT = 19.9 m subjected to bending
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MvFigure F.36 Distributions of sensitivity integrand, Fj‘'  ̂, affecting the changes of the pile head
lateral deflection, yt due to the changes of the modulus of subgrade reaction, k for single free head 
long pile with length L = lOT = 19.9 m subjected to bending moment, M of discrete variability.
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Figure F.3 7 Quantitative assessment of sensitivity, , affecting the changes of the pile head
lateral deflection, yt due to the changes of the bending stiffness of the pile, El for single free head 
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Figure F.3 8 Quantitative assessment of sensitivity, , affecting the changes of the pile head
lateral deflection, y, due to the changes of the width of the pile, b for single free head long pile 
with length L = lOT = 19.9 m subjected to bending moment, M of discrete variability.
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Figure F.39 Quantitative assessment of sensitivity, , affecting the changes of the pile head
lateral deflection, y, due to the changes of submerged unit weight of soil, j ' for single free head 





Figure F.40 Quantitative assessment of sensitivity, , affecting the changes of the pile head 
lateral deflection, y, due to the changes of the angle of internal fnction, (j) for single free head 
long pile with length L = lOT = 19.9 m subjected to bending moment, M of discrete variability.
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srIO'
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rMyFigure F.41 Quantitative assessment of sensitivity, , affecting the changes of the pile head
lateral deflection, yt due to the changes of the coefficient of lateral earth pressure of Rankine 
active type, Ka for single free head long pile with length L = lOT = 19.9 m subjected to bending
moment, M of discrete variability.
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Figure F.42 Quantitative assessment of sensitivity, Wĵ   ̂, affecting the changes of the pile head
lateral deflection, yt due to the changes of the modulus of subgrade reaction, k for single free head 
long pile with length L = lOT = 19.9 m subjected to bending moment, M of discrete variability.
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Figure F.43 Relative sensitivity factor, , affecting the changes of the pile head lateral
deflection, y, due to the changes of the bending stiffness of the pile, El for single free head long 
pile with length L = lOT = 19.9 m subjected to bending moment, M of discrete variability.
3 15 3D 4 5  60  75  9 0  IfK
M (kN-m)
Figure F.44 Relative sensitivity factor, R ^^ , affecting the changes of the pile head lateral
deflection, yt due to the changes of the width of the pile, b for single free head long pile with 
length L = lOT = 19.9 m subjected to bending moment, M of discrete variability.
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Figure F.45 Relative sensitivity factor, , affecting the changes of the pile head lateral
deflection, yt due to the changes of the submerged unit weight of soil, y' for single free head long 
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Figure F.46 Relative sensitivity factor, R ^^ , affecting the changes of the pile head lateral
deflection, y, due to the changes of the angle of internal fnction, (j) for single free head long pile 
with length L = lOT = 19.9 m subjected to bending moment, M of discrete variability.
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Figure F.47 Relative sensitivity factor, , affecting the changes of the pile head lateral
deflection, yt due to the changes of the coefficient of lateral earth pressure of Rankine active type, 
Ka for single fi-ee head long pile with length L = lOT = 19.9 m subjected to bending moment, M
of discrete variability.
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MvFigure F.48 Relative sensitivity factor, Rĵ   ̂, affecting the changes of the pile head lateral
deflection, yt due to the changes of the modulus of subgrade reaction, k for single free head long 
pile with length L = lOT = 19.9 m subjected to bending moment, M of discrete variability.
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APPENDIX G
Sensitivity analysis of top angle of flexural rotation 80t for single free head piles with 
length L=10T subjected to lateral forces of cyclic type that generate the non-linear 
elastic phase in p-y curve in the vicinity of soil surface
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Figure G.l The p-y curve for x=0.07 m with marked values of force F used in investigations for 
L = lOT = 22.9 m under free head single pile condition.
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Figure G.2 Lateral deflections of primary structure for single free head long pile with length L ^
lOT = 22.9 m under variable lateral forces.
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Figure G.3 Bending moments of primary structure for single free head long pile with length L ^
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Figure G.4 Bending moments of adjoint structure subjected to M = 1 for single free head long 
pile with length L  = lOT = 22.9 m under variable lateral forces.
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Figure G.5 Lateral deflections of adjoint structure subjected to M = 1 for single free head long 
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Figure G.6 Soil resistances of adjoint structure subjected to M = 1 for single free head long pile 
with length L = lO T  = 22.9 m  under variable lateral forces.
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Figure G.7 Distributions of sensitivity integrand, , affecting the changes of the pile head
angle of flexural rotation, 0t due to the changes of bending stiffness of pile, El for single free head 
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Figure G.8 Distributions of sensitivity integrand, , affecting the changes of the pile head
angle of flexural rotation, 0, due to the changes of the width of the pile, b for single free head long 
pile with length L = lOT = 22.9 m subjected to horizontal force, F of discrete variability.
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Figure G.9 Distributions of sensitivity integrand, , affecting the changes of pile head angle
of flexural rotation, 0, due to changes of submerged unit weight of soil, y' for single free head 
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Figure G .IO  Distributions of sensitivity integrand, , affecting the changes of the pile head
angle of flexural rotation, 0t due to the changes of angle of internal friction,  ̂ for single free head 
long pile with length L = lOT = 22.9 m subjected to horizontal force, F of discrete variability.
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Figure G.ll Distributions of sensitivity integrand, , affecting the changes of the pile head
angle of flexural rotation, 0t due to the changes of the coefficient of lateral earth pressure of 
Rankine active type, Kg for single free head long pile with length L = lOT = 22.9 m subjected to
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Figure G.12 Distributions of sensitivity integrand, , affecting the changes of pile head angle
of flexural rotation, 6t due to the changes of modulus of subgrade reaction, k for single free head 
long pile with length L = lOT = 22.9 m subjected to horizontal force F of discrete variability.
277






2 S 12 IS 24 30 3S 43
F  (k N )
Figure G.13 Quantitative assessment of sensitivity, w |®, affecting the changes of the pile head
angle of flexural rotation, 0t due to the changes of the bending stiffness of the pile, El for single 
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Figure G. 14 Quantitative assessment of sensitivity, , affecting the changes of the pile head
angle of flexural rotation, 0t due to the changes of the width of the pile, b for single free head long 
pile with length L = lOT = 22.9 m subjected to horizontal force, F of discrete variability.
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3ElO*'
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F0Figure G.l 5 Quantitative assessment of sensitivity, W.̂ , , affecting changes of pile head angle of
flexural rotation, 0t due to changes of submerged unit weight of soil, y' for single free head long 
pile with length L = lOT = 22.9 m subjected to horizontal force, F of discrete variability.
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rFOFigure G.l 6 Quantitative assessment of sensitivity, , affecting the changes of the pile head
angle of flexural rotation, 0, due to the changes of angle of internal friction, (j) for single free head 
long pile with length L = lOT = 22.9 m subjected to horizontal force, F of discrete variability.
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Figure G.l 7 Quantitative assessment of sensitivity, W^a > affecting the changes of the pile head
angle of flexural rotation, 0 , due to the changes of the coefficient of lateral earth pressure of 
Rankine active type. Kg for single free head long pile with length L = lOT = 22.9 m subjected to
horizontal force, F of discrete variability.
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Figure G.l 8 Quantitative assessment of sensitivity, Wj^ , affecting changes of pile head angle of
flexural rotation, 0 t due to changes of modulus of subgrade reaction, k for single free head long 
pile with length L = lOT = 22.9 m subjected to horizontal force, F of discrete variability.
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Figure G.l 9 Relative sensitivity factor, Rg®, affecting the changes of the pile head angle of
flexural rotation, 0, due to the changes of the bending stiffness of the pile, El for single free head 
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Figure G.20 Relative sensitivity factor, R^®, affecting the changes of the pile head angle of
flexural rotation, 0t due to the changes of the width of the pile, b for single free head long pile 
with length L = lOT = 22.9 m subjected to horizontal force, F of discrete variability.
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Figure G.21 Relative sensitivity factor, , affecting the changes of the pile head angle of
flexural rotation, 6, due to the changes of submerged unit weight of soil, y' for single free head 











Figure G.22 Relative sensitivity factor, r|®  , affecting the changes of the pile head angle of 
f l e x u r a l  rotation, 0, due to the changes of the angle of internal friction, (|) for single f r e e  head long 
pile with length L = lO T  = 22.9 m subjected to horizontal force, F of discrete variability.
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Figure G.23 Relative sensitivity factor, > affecting the changes of the pile head angle of
flexural rotation, 0t due to the changes of the coefficient of lateral earth pressure of Rankine 
active type, Ka for single free head long pile with length L = lOT = 22.9 m subjected to horizontal




Figure G.24 Relative sensitivity factor, R̂ ® , affecting the changes of the pile head angle of
flexural rotation, 0t due to the changes of the modulus of subgrade reaction, k for single free head 
long pile with length L = lOT = 22.9 m subjected to horizontal force, F of discrete variability.
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APPENDIX H
Sensitivity analysis of top lateral displacement 8yt for pile member C (second 
trailing row) of groups of 3x3 free head piles with length L=10T and spacing = 3D 
subjected to lateral forces of cyclic type that generate the non-linear elastic phase in
p-y curve in the vicinity of soil surface
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Figure H. 1 External force Fq v s . generated top lateral deflection for free head group pile of 
length L = lOT = 22.9 m with comparison to single pile subjected to lateral force in the non-linear
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Figure H.2 Force Fqi of pile member C (second trailing row), B (first trailing row) and A 
(leading row) generating unit force on corresponding row of group of 3x3 piles with length L  ̂
lOT = 22.9 m and spacing = 3D vs. applied lateral force Fq under free head condition.
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Figure H.3 Bending moments of primary structure for pile member C (second trailing row) of 
group of 3x3 piles with length L = lOT = 22.9 m and spacing = 3D subjected to variable lateral
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Figure H.4 Lateral deflections of primary structure for pile member C (second trailing row) of 
group of 3x3 piles with length L = lOT = 22.9 m and spacing = 3D subjected to variable lateral
forces under free head condition.
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Figure H.5 Bending moments of adjoint structure for pile member C (second trailing row) of 
group of 3x3 piles with length L = lOT = 22.9 m and spacing = 3D subjected to unit force on 




















Figure H.6 Soil resistance of adjoint structure for pile member C (second trailing row) of group 
of 3x3 piles with length L = 1OT = 22.9 m and spacing = 3D subjected to unit force on 
corresponding row under variable lateral forces with free head condition.
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Figure H.7 Distributions of sensitivity integrand, , affecting the changes of the pile head
lateral deflection, yt due to the changes of bending stiffness of the pile, El for pile member C 
(second trailing row) of group of 3x3 piles with length L = lOT = 22.9 m and spacing = 3D 
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Figure H.8 Distributions of sensitivity integrand,  ̂ , affecting the changes of the pile head
lateral deflection, yt due to the changes of the width of the pile, b for pile member C (second 
trailing row) of group of 3x3 piles with length L = lOT = 22.9 m and spacing = 3D subjected to 
variable lateral forces under free head condition.
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Figure H.9 Distributions of sensitivity integrand, , affecting the changes of the pile head
lateral deflection, y, due to changes of submerged unit weight of soil, y' for pile member C 
(second trailing row) of group of 3x3 piles with length L = lOT = 22.9 m and spacing = 3D 
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Figure H.IO Distributions of sensitivity integrand, , affecting the changes of the pile head
lateral deflection, yt due to the changes of the angle of internal friction, (j) for pile member C 
(second trailing row) of group of 3x3 piles with length L = lOT = 22.9 m and spacing = 3D 
subjected to variable lateral forces under free head condition.
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Figure H.l 1 Distributions of sensitivity integrand, P„  ̂ , affecting the changes of the pile head
lateral deflection, yt due to the changes of the coefficient of lateral earth pressure of Rankine 
active type, Ka for pile member C (second trailing row) of group of 3x3 piles with length L = lOT 
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Figure H.l 2 Distributions of sensitivity integrand, , affecting the changes of the pile head
lateral deflection, yt due to the changes of modulus of subgrade reaction, k for pile member C 
(second trailing row) of group of 3x3 piles with length L = lOT = 22.9 m and spacing = 3D 
subjected to variable lateral forces under free head condition.
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Figure H.l 3 Quantitative assessment of sensitivity, , affecting the changes of the pile head
lateral deflection, yt due to the changes of bending stiffhess of the pile, El for pile member C 
(second trailing row) of group of 3x3 piles with length L = lOT == 22.9 m and spacing = 3D 
subjected to variable lateral forces under free head condition.
X 1 0 ~
Fq IWJ
Figure H.14 Quantitative assessment of sensitivity, , affecting the changes of the pile head
lateral deflection, yt due to the changes of the width of the pile, b for pile member C (second 
trailing row) of group of 3x3 piles with length L = lOT = 22.9 m and spacing = 3D subjected to 
variable lateral forces under free head condition.
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Figure H.15 Quantitative assessment of sensitivity, , affecting the changes of pile head
lateral deflection, yt due to changes of submerged unit weight of soil, y' for pile member C 
(second trailing row) of group of 3x3 piles with length L = lOT = 22.9 m and spacing = 3D 
subjected to variable lateral forces under free head condition.
X 10"
Fq IW)
Figure H . 16 Quantitative assessment of sensitivity, , affecting the changes of the pile head
lateral deflection, yt due to the changes of angle of internal friction, (j) for pile member C (second 
trailing row) of group of 3x3 piles with length L  = lOT = 22.9 m and spacing = 3D subjected to 
variable lateral forces under free head condition.
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Figure H. 17 Quantitative assessment of sensitivity, , affecting the changes of the pile head
lateral deflection, yt due to the changes of coefficient of lateral earth pressure of Rankine active 
type, Ka for pile member C (second trailing row) of group of 3x3 piles with length L = lOT = 22.9 
m and spacing = 3D subjected to variable lateral forces under free head condition.
3 .5
*  10 '
1.5
0 .5
42 8 7 13S 173
Fq (kN)
21S 2SI 313
Figure H.l 8 Quantitative assessment of sensitivity, , affecting the changes of pile head
lateral deflection, yt due to changes of modulus of subgrade reaction, k for pile member C 
(second trailing row) of group of 3x3 piles with length L = lOT = 22.9 m and spacing = 3D 
subjected to variable lateral forces under free head condition.
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Figure H.l 9 Relative sensitivity factor, , affecting the changes of the pile head lateral
deflection, yt due to the changes of the bending stiffiiess of the pile, El for pile member C (second 
trailing row) of group of 3x3 piles with length L = lOT = 22.9 m and spacing = 3D subjected to 
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Figure H.20 Relative sensitivity factor, R^^, affecting the changes of the pile head lateral
deflection, yt due to the changes of the width of the pile, b for pile member C (second trailing 
row) of group of 3x3 piles with length L = lOT = 22.9 m and spacing = 3D subjected to variable
lateral forces under free head condition.
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Figure H.21 Relative sensitivity factor, , affecting the changes of the pile head lateral
deflection, yt due to the changes of the submerged unit weight of soil, y' for pile member C 
(second trailing row) of group of 3x3 piles with length L = lOT = 22.9 m and spacing = 3D 
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Figure H.22 Relative sensitivity factor, R^^, affecting the changes of the pile head lateral
deflection, yt due to the changes of the angle of internal friction, <j) for pile member C (second 
trailing row) of group of 3x3 piles with length L = lOT = 22.9 m and spacing = 3D subjected to 
variable lateral forces under free head condition.
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Figure H.23 Relative sensitivity factor, , affecting the changes of the pile head lateral
deflection, y, due to the changes of the coefficient of lateral earth pressure of Rankine active type, 
Ka for pile member C (second trailing row) of group of 3x3 piles with length L = lOT = 22.9 m 
and spacing = 3D subjected to variable lateral forces under free head condition.
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Figure H.24 Relative sensitivity factor, R̂ .̂  , affecting the changes of the pile head lateral
deflection, yt due to the changes of the modulus of subgrade reaction, k for pile member C 
(second trailing row) of group of 3x3 piles with length L = lOT = 22.9 m and spacing = 3D 
subjected to variable lateral forces under free head condition.
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APPENDIX I
Sensitivity analysis of top lateral displacement 6yt for pile member C (second 
trailing row), B (first trailing row) and A (leading row) of groups of 3x3 free head 
piles with length L=10T and spacing = 3D subjected to lateral forces of cyclic type 
that generate the linear hardening phase in p-y curve in the vicinity of soil surface
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Figure 1.1 External force E g v s . generated top lateral deflection for free head group pile of length 
L = lOT = 22.9 m with comparison to single pile subjected to lateral force in the linear hardening
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Figure 1.2 Force Fqi of pile member C (second trailing row), B (first trailing row) and A (leading 
row) generating unit force on corresponding row of group of 3x3 piles with length L = lOT = 22.9 
m and spacing = 3D vs. applied lateral force Fq under free head condition.
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Figure 1.3 Bending moments of primary structure for pile member C (second trailing row) of 
group of 3x3 piles with length L = lOT = 22.9 m and spacing = 3D subjected to variable lateral
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Figure 1.4 Lateral deflections of primary structure for pile member C (second trailing row) of 
group of 3x3 piles with length L = lOT = 22.9 m and spacing = 3D subjected to variable lateral
forces under free head condition.
299
Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.





.. 313 kN 32 kN
o 357 kN 36 kN
* 401 kN 41 kN
■4- 446 kN 45 kN
« 491 kN 50 kN
D 535 kN 54 kN




Figure 1.5 Bending moments of adjoint structure for pile member C (second trailing row) of 
group of 3x3 piles with length L = lOT = 22.9 m and spacing = 3D subjected to unit force on 
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Figure 1.6 Soil resistance of adjoint structure for pile member C (second trailing row) of group of 
3x3 piles with length L = lOT = 22.9 m and spacing = 3D subjected to unit force on 
corresponding row under variable lateral forces with free head condition.
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Figure 1.7 Distributions of sensitivity integrand, , affecting the changes of the pile head
lateral deflection, yt due to the changes of bending stiffness of the pile, El for pile member C 
(second trailing row) of group of 3x3 piles with length L = 1OT = 22.9 m and spacing = 3D 















Figure 1.8 Distributions of sensitivity integrand, , affecting the changes of the pile head
lateral deflection, yt due to the changes of the width of the pile, b for pile member C (second 
trailing row) of group of 3x3 piles with length L = lOT = 22.9 m and spacing = 3D subjected to 
variable lateral forces under free head condition.
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Figure 1.9 Distributions of sensitivity integrand, affecting the changes of the pile head
lateral deflection, y, due to changes of submerged unit weight of soil, y' for pile member C 
(second trailing row) of group of 3x3 piles with length L = lOT = 22.9 m and spacing = 3D 
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Figure I.IO Distributions of sensitivity integrand, , affecting the changes of the pile head 
lateral deflection, y, due to the changes of the angle of internal friction, {j> for pile member C 
(second trailing row) of group of 3x3 piles with length L = lOT = 22.9 m and spacing = 3D 
subjected to variable lateral forces under free head condition.
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Figure 1.11 Distributions of sensitivity integrand, , affecting the changes of the pile head
lateral deflection, yt due to the changes of the coefficient of lateral earth pressure of Rankine 
active type, Ka for pile member C (second trailing row) of group of 3x3 piles with length L = lOT 
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Figure 1.12 Distributions of sensitivity integrand, , affecting the changes of the pile head
lateral deflection, yt due to the changes of modulus of subgrade reaction, k for pile member C 
(second trailing row) of group of 3x3 piles with length L = lOT = 22.9 m and spacing = 3D 
subjected to variable lateral forces under free head condition.
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Figure 1.13 Quantitative assessment of sensitivity, , affecting the changes of the pile head
lateral deflection, y, due to the changes of bending stiffness of the pile, El for pile member C 
(second trailing row) of group of 3x3 piles with length L = lOT = 22.9 m and spacing = 3D 
subjected to variable lateral forces under free head condition.
X 10'
313 357 401 446 4S1 S35
Fq (kN) 
rFyFigure 1.14 Quantitative assessment of sensitivity, , affecting the changes of the pile head
lateral deflection, yt due to the changes of the width of the pile, b for pile member C (second 
trailing ro w ) of group of 3x3 piles with length L = lOT = 22.9 m and spacing = 3D subjected to 
variable lateral forces under free head condition.
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Figure 1.15 Quantitative assessment of sensitivity, , affecting the changes of pile head
lateral deflection, y, due to changes of submerged unit weight of soil, y' for pile member C 
(second trailing row) of group of 3x3 piles with length L = lOT = 22.9 m and spacing = 3D 





Figure 1.16 Quantitative assessment of sensitivity, , affecting the changes of the pile head
lateral deflection, yt due to the changes of angle of internal friction, ^ for pile member C (second 
trailing row) of group of 3x3 piles with length L = lOT = 22.9 m and spacing = 3D subjected to 
variable lateral forces under free head condition.
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Figure 1.17 Quantitative assessment of sensitivity, , affecting the changes of the pile head
lateral deflection, yt due to the changes of coefficient of lateral earth pressure of Rankine active 
type, Ka for pile member C (second trailing row) of group of 3x3 piles with length L = lOT = 22.9 
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Figure 1.18 Quantitative assessment of sensitivity, , affecting the changes of pile head
lateral deflection, yt due to changes of modulus of subgrade reaction, k for pile member C 
(second trailing row) of group of 3x3 piles with length L = lOT = 22.9 m and spacing = 3D 
subjected to variable lateral forces under free head condition.
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Figure 1.19 Relative sensitivity factor, , affecting the changes of the pile head lateral
deflection, yt due to the changes of the bending stiffness of the pile, El for pile member C (second 
trailing row) of group of 3x3 piles with length L = lOT = 22.9 m and spacing = 3D subjected to 
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Figure 1.20 Relative sensitivity factor, R^^, affecting the changes of the pile head lateral
deflection, yt due to the changes of the width of the pile, b for pile member C (second trailing 
row) of group of 3x3 piles with length L = lOT = 22.9 m and spacing = 3D subjected to variable
lateral forces under free head condition.
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Figure 1.21 Relative sensitivity factor, , affecting the changes of the pile head lateral
deflection, yt due to the changes of the submerged unit weight of soil, y' for pile member C 
(second trailing row) of group of 3x3 piles with length L = lOT = 22.9 m and spacing = 3D 
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Figure 1.22 Relative sensitivity factor, R^^, affecting the changes of the pile head lateral
deflection, yt due to the changes of the angle of internal friction, (j) for pile member C (second 
trailing row) of group of 3x3 piles with length L = lOT = 22.9 m and spacing = 3D subjected to 
variable lateral forces under free h e a d  condition.
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Figure 1.23 Relative sensitivity factor, , affecting the changes of the pile head lateral
deflection, yt due to the changes of the coefficient of lateral earth pressure of Rankine active type, 
Ka for pile member C (second trailing row) of group of 3x3 piles with length L = lOT = 22.9 m 
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Figure 1.24 Relative sensitivity factor, Rĵ  ̂, affecting the changes of the pile head lateral
deflection, yt due to the changes of the modulus of subgrade reaction, k for pile member C 
(second trailing row) of group of 3x3 piles with length L = lOT = 22.9 ra and spacing = 3D 
subjected to variable lateral forces under free head condition.
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Figure 1.25 Bending moments of primary structure for pile member B (first trailing row) of group 
of 3x3 piles with length L = lOT = 22.9 m and spacing = 3D subjected to variable lateral forces
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Figure 1.26 Lateral deflections of primary structure for pile member B (first trailing row) of 
group of 3x3 piles with length L = lOT = 22.9 m and spacing = 3D subjected to variable lateral
forces under free head condition.
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Figure 1.27 Bending moments of adjoint structure for pile member B (first trailing row) of group 
of 3x3 piles with length L = lOT = 22.9 m and spacing = 3D subjected to unit force on 
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Figure 1.28 Soil resistance of adjoint structure for pile member B (first trailing row) of group of 
3x3 piles with length L = lOT = 22.9 m and spacing = 3D subjected to unit force on 
corresponding row under variable lateral forces with free head condition.
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Figure 1.29 Distributions of sensitivity integrand, Pgj', affecting the changes of the pile head
lateral deflection, yt due to the changes of bending stiffness of the pile, El for pile member B 
(first trailing row) of group of 3x3 piles with length L = lOT = 22.9 m and spacing = 3D 
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Figure 1.30 Distributions of sensitivity integrand, , affecting the changes of the pile head
lateral deflection, yt due to the changes of the width of the pile, b for pile member B (first trailing 
row) of group of 3x3 piles with length L = lOT = 22.9 m and spacing = 3D subjected to variable
lateral forces under free head condition.
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FFigure 1.31 Distributions of sensitivity integrand, , affecting the changes of the pile head
lateral deflection, y, due to changes of submerged unit weight of soil, y' for pile member B (first 
trailing row) of group of 3x3 piles with length L = lOT = 22.9 m and spacing = 3D subjected to 
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Figure 1.32 Distributions of sensitivity integrand, , affecting the changes of the pile head
lateral deflection, yt due to the changes of the angle of internal friction, (j) for pile member B (first 
trailing row) of group of 3x3 piles with length L = lOT = 22.9 m and spacing = 3D subjected to 
variable lateral forces under free head condition.
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Figure 1.33 Distributions of sensitivity integrand, V j  , affecting the changes of the pile head
lateral deflection, yt due to the changes of the coefficient of lateral earth pressure of Rankine 
active type, Ka for pile member B (first trailing row) of group of 3x3 piles with length L = lOT = 





























Figure 1.34 Distributions of sensitivity integrand, , affecting the changes of the pile head
lateral deflection, y ,  due to the changes of modulus of subgrade reaction, k for pile member B 
(first trailing row) of group of 3x3 piles with length L = lOT = 22.9 m and spacing = 3D 
subjected to variable lateral forces under free head condition.
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Figure 1.35 Quantitative assessment of sensitivity, Wgj ,̂ affecting the changes of the pile head
lateral deflection, y, due to the changes of bending stiffness of the pile, El for pile member B 
(first trailing row) of group of 3x3 piles with length L = lOT = 22.9 m and spacing = 3D 
subjected to variable lateral forces under free head condition.
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Figure 1.36 Quantitative assessment of sensitivity, , affecting the changes of the pile head
lateral deflection, yt due to the changes of the width of the pile, b for pile member B (first trailing 
row) of group of 3x3 piles with length L = lOT = 22.9 m and spacing = 3D subjected to variable
lateral forces under free head condition.
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Figure 1.37 Quantitative assessment of sensitivity, , affecting the changes of pile head
lateral deflection, yt due to changes of submerged unit weight of soil, y' for pile member B (first 
trailing row) of group of 3x3 piles with length L = lOT = 22.9 m and spacing = 3D subjected to 
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Figure 1.38 Quantitative assessment of sensitivity, , affecting the changes of the pile head
lateral deflection, y, due to the changes of angle of internal friction, (j) for pile member B (f irst  
trailing row) of group of 3x3 piles with length L = lOT = 22.9 m and spacing = 3D subjected to 
variable lateral forces under free head condition.
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Figure 1.39 Quantitative assessment of sensitivity, , affecting the changes of the pile head
lateral deflection, y, due to the changes of coefficient of lateral earth pressure of Rankine active 
type, Ka for pile member B (first trailing row) of group of 3x3 piles with length L = lOT = 22.9 m 
and spacing = 3D subjected to variable lateral forces under free head condition.
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Figure 1.40 Quantitative assessment of sensitivity, , affecting the changes of pile head
lateral deflection, yt due to changes of modulus of subgrade reaction, k for pile member B (first 
trailing row) of group of 3x3 piles with length L = lOT = 22.9 m and spacing = 3D subjected to 
variable lateral forces under free head condition.
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Figure 1.41 Relative sensitivity factor, Rgj, affecting the changes of the pile head lateral
deflection, yt due to the changes of the bending stiffness of the pile, El for pile member B (first 
trailing row) of group of 3x3 piles with length L = lOT = 22.9 m and spacing = 3D subjected to 




Figure 1.42 Relative sensitivity factor, R^^, affecting the changes of the pile head lateral
deflection, yt due to the changes of the width of the pile, b for pile member B (first trailing row) 
of group of 3x3 piles with length L = lOT = 22.9 m and spacing = 3D subjected to variable lateral
forces under free head condition.
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Figure 1.43 Relative sensitivity factor, , affecting the changes of the pile head lateral
deflection, yt due to the changes of the submerged unit weight of soil, y' for pile member B (first 
trailing row) of group of 3x3 piles with length L = lOT = 22.9 m and spacing = 3D subjected to 
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Figure 1.44 Relative sensitivity factor, R^^, affecting the changes of the pile head lateral 
deflection, y t due to the changes of the angle of internal friction, <j) for pile member B  ( f i r s t  
trailing row) of group of 3x3 piles with length L = lOT = 22.9 m and spacing = 3D subjected to 
variable lateral forces under free head condition.
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Figure 1.45 Relative sensitivity factor, , affecting the changes of the pile head lateral
deflection, yt due to the changes of the coefficient of lateral earth pressure of Rankine active type, 
Ka for pile member B (first trailing row) of group of 3x3 piles with length L = lOT = 22.9 m and 
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TvFigure 1.46 Relative sensitivity factor, , affecting the changes of the pile head lateral
deflection, yt due to the changes of the modulus of subgrade reaction, k for pile member B (first 
trailing row) of group of 3x3 piles with length L = lOT == 22.9 m and spacing = 3D subjected to 
variable lateral forces under free head condition.
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Figure 1.47 Bending moments of primary structure for pile member A (leading row) of group of 
3x3 piles with length L = lOT = 22.9 m and spacing = 3D subjected to variable lateral forces
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Figure 1.48 Lateral deflections of primary structure for pile member A (leading row) of group of 
3x3 piles with length L = lOT = 22.9 m and spacing = 3D subjected to variable lateral forces
under free head condition.
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Figure 1.49 Bending moments of adjoint structure for pile member A (leading row) of group of 
3x3 piles with length L = lOT = 22.9 m and spacing = 3D subjected to unit force on 
corresponding row under variable lateral forces with free head condition.
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Figure 1.50 Soil resistance of adjoint structure for pile member A (leading row) of group of 3x3 
piles with length L  = lOT = 22.9 m and spacing = 3D subjected to unit force on corresponding 
row under variable lateral forces with free head condition.
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Figure 1.51 Distributions of sensitivity integrand, Pgl' , affecting the changes of the pile head
lateral deflection, y, due to the changes of bending stifftiess of the pile, El for pile member A 
(leading row) of group of 3x3 piles with length L = lOT = 22.9 m and spacing = 3D subjected to 
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Figure 1.52 Distributions of sensitivity integrand, , affecting the changes of the pile head
lateral deflection, yt due to the changes of the width of the pile, b for pile member A (leading 
row) of group of 3x3 piles with length L = lOT = 22.9 m and spacing = 3D subjected to variable
lateral forces under free head condition.
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Figure 1.53 Distributions of sensitivity integrand, , affecting the changes of the pile head
lateral deflection, yt due to changes of submerged unit weight of soil, y' for pile member A 
(leading row) of group of 3x3 piles with length L = lOT = 22.9 m and spacing = 3D subjected to 
variable lateral forces under free head condition.
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Figure 1.54 Distributions of sensitivity integrand, , affecting the changes of the pile head
lateral deflection, yt due to the changes of the angle of internal friction, ({> for pile member A 
(leading row) of group of 3x3 piles with length L = lOT == 22.9 m and spacing = 3D subjected to 
variable lateral forces under free head condition.
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Figure 1.55 Distributions of sensitivity integrand, P„  ̂ , affecting the changes of the pile head
lateral deflection, yt due to the changes of the coefficient of lateral earth pressure ofRankine 
active type, Ka for pile member A (leading row) of group of 3x3 piles with length L = lOT = 22.9 





























Figure 1.56 Distributions of sensitivity integrand, , affecting the changes of the pile head
lateral deflection, yt due to the changes of modulus of subgrade reaction, k for pile member A 
(leading row) of group of 3x3 piles with length L = lOT = 22.9 m and spacing = 3D subjected to 
variable lateral forces under free head condition.
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Figure 1.57 Quantitative assessment of sensitivity, , affecting the changes of the pile head
lateral deflection, yt due to the changes of bending stiffness of the pile, El for pile member A 
(leading row) of group of 3x3 piles with length L = lOT = 22.9 m and spacing = 3D subjected to 
variable lateral forces under free head condition.
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Figure 1.58 Quantitative assessment of sensitivity, , affecting the changes of the pile head
lateral deflection, yt due to the changes of the width of the pile, b for pile member A (leading 
row) of group of 3x3 piles with length L = lOT = 22.9 m and spacing = 3D subjected to variable
lateral forces under free head condition.
326












Figure 1.59 Quantitative assessment of sensitivity, , affecting the changes of pile head
lateral deflection, y, due to changes of submerged unit weight of soil, y' for pile member A 
(leading row) of group of 3x3 piles with length L = lOT = 22.9 m and spacing = 3D subjected to 











Figure 1.60 Quantitative assessment of sensitivity, , affecting the changes of the pile head 
lateral deflection, yt due to the changes of angle of internal friction, (() for pile member A (leading 
row) of group of 3x3 piles with length L = lOT = 22.9 m and spacing = 3D subjected to variable
lateral forces imder free head condition.
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Figure 1.61 Quantitative assessment of sensitivity, , affecting the changes of the pile head
lateral deflection, yt due to the changes of coefficient of lateral earth pressure ofRankine active 
type, Ka for pile member A (leading row) of group of 3x3 piles with length L = lOT = 22.9 m and 
spacing = 3D subjected to variable lateral forces under free head condition.
*  10
Figure 1.62 Quantitative assessment of sensitivity, , affecting the changes of pile head
lateral deflection, y, due to changes of modulus of subgrade reaction, k for pile member A 
(leading row) of group of 3x3 piles with length L = lOT = 22.9 m and spacing = 3D subjected to 
variable lateral forces under free head condition.
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Figure 1.63 Relative sensitivity factor, , affecting the changes of the pile head lateral
deflection, y, due to the changes of the bending stiffness of the pile, El for pile member A 
(leading row) of group of 3x3 piles with length L = lOT = 22.9 m and spacing = 3D subjected to 
variable lateral forces under free head condition.
5










313 357 401 44S 491 S3S
Figure 1.64 Relative sensitivity factor, R^^, affecting the changes of the pile head lateral
deflection, yt due to the changes of the width of the pile, b for pile member A (leading r o w )  of 
group o f  3x3 piles with length L = lOT = 22.9 m and spacing = 3D subjected to variable lateral
forces under free head condition.
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Figure 1.65 Relative sensitivity factor, R^7, affecting the changes of the pile head lateral
deflection, y, due to the changes of the submerged unit weight of soil, y' for pile member A 
(leading row) of group of 3x3 piles with length L = lOT = 22.9 m and spacing = 3D subjected to 
variable lateral forces under free head condition.
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Figure 1.66 Relative sensitivity factor, R^^, affecting the changes of the pile head lateral
deflection, yt due to the changes of the angle of internal friction, <j) for pile member A (leading 
row) of group of 3x3 piles with length L = lOT = 22.9 m and spacing = 3D subjected to variable
lateral forces under free head condition.
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Figure 1.67 Relative sensitivity factor, , affecting the changes of the pile head lateral
deflection, yt due to the changes of the coefficient of lateral earth pressure ofRankine active type, 
Ka for pile member A (leading row) of group of 3x3 piles with length L = lOT = 22.9 m and 
spacing = 3D subjected to variable lateral forces under free head condition.
Fq (kN)
Figure 1.68 Relative sensitivity factor, , affecting the changes of the pile head lateral
deflection, yt due to the changes of the modulus of subgrade reaction, k for pile member A 
(leading row) of group of 3x3 piles with length L = lOT = 22.9 m and spacing = 3D subjected to 
variable lateral forces under free head condition.
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APPENDIX J
Sensitivity analysis of top lateral displacement 6yt for pile member C (second 
trailing row) of groups of 3x3 free head piles with length L=10T and spacing = 5D 
subjected to lateral forces of cyclic type that generate the linear hardening phase in
p-y curve in the vicinity of soil surface
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Figure J.l External force F g v s . generated top lateral deflection for free head group pile of length 
L = lOT = 22.9 m with comparison to single pile subjected to lateral force in the linear hardening
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Figure J.2 Force Fqi of pile member C (second trailing row), B (first trailing row) and A (leading 
row) generating unit force on corresponding row of group of 3x3 piles with length L = lOT = 22.9 
m and spacing = 5D vs. applied lateral force Fg under free head condition.
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Figure J.3 Bending moments of primary structure for pile member C (second trailing row) of 
group of 3x3 piles with length L = lOT = 22.9 m and spacing = 5D subjected to variable lateral
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Figure J.4 Lateral deflections of primary structure for pile member C (second trailing row) of 
group of 3x3 piles with length L = lOT = 22.9 m and spacing = 5D subjected to variable lateral
forces under free head condition.
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Figure J.5 Bending moments of adjoint structure for pile member C (second trailing row) of 
group of 3x3 piles with length L = lOT = 22.9 m and spacing = 5D subjected to unit force on 
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Figure J.6 Soil resistance of adjoint structure for pile member C (second trailing r o w )  of group of 
3x3 piles with length L = lOT = 22.9 m and spacing = 5D subjected to unit force on 
corresponding row imder variable lateral forces with free head condition.
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Figure J.7 Distributions of sensitivity integrand, Pg[, affecting the changes of the pile head
lateral deflection, yt due to the changes of bending stiffness of the pile, El for pile member C 
(second trailing row) of group of 3x3 piles with length L = lOT = 22.9 m and spacing = 5D 
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Figure J.8 Distributions of sensitivity integrand, , affecting the changes of the pile head
lateral deflection, yt due to the changes of the width of the pile, b for pile member C (second 
trailing row) of group of 3x3 piles with length L = lOT = 22.9 m and spacing = 5D subjected to 
variable lateral forces under f r e e  head condition.
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Figure J.9 Distributions of sensitivity integrand, , affecting the changes of the pile head
lateral deflection, yt due to changes of submerged unit weight of soil, y' for pile member C 
(second trailing row) of group of 3x3 piles with length L = lOT = 22.9 m and spacing = 5D 
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Figure J.IO Distributions of sensitivity integrand, , affecting the changes of the pile head 
lateral deflection, yt due to the changes of the angle of internal friction, <j) for pile member C 
(second trailing row) of group of 3x3 piles with length L = lOT = 22.9 m and spacing = 5D 
subjected to variable lateral forces under free head condition.
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Figure J.l 1 Distributions of sensitivity integrand, P„^ affecting the changes of the pile head
lateral deflection, y, due to the changes of the coefficient of lateral earth pressure ofRankine 
active type, Ka for pile member C (second trailing row) of group of 3x3 piles with length L = lOT 






























Figure J . l  2 Distributions of sensitivity integrand, , affecting the changes of the pile head
lateral deflection, yt due to the changes of modulus of subgrade reaction, k for pile member C 
(second trailing row) of group of 3x3 piles with length L = lOT = 22.9 m and spacing = 5D 
subjected to variable lateral forces under free head condition.
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Figure J. 13 Quantitative assessment of sensitivity, Wgj ,̂ affecting the changes of the pile head
lateral deflection, yt due to the changes of bending stiffness of the pile, El for pile member C 
(second trailing row) of group of 3x3 piles with length L = lOT = 22.9 m and spacing = 5D 
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Figure J.l 4 Quantitative assessment of sensitivity, , affecting the changes of the pile head
lateral deflection, yt due to the changes of the width of the pile, b for pile member C (second 
trailing row) of group of 3x3 piles with length L = lOT = 22.9 m and spacing = 5D subjected to 
variable lateral forces under free head condition.
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Figure J. 15 Quantitative assessment of sensitivity, , affecting the changes of pile head
lateral deflection, yt due to changes of submerged unit weight of soil, y' for pile member C 
(second trailing row) of group of 3x3 piles with length L = 1OT = 22.9 m and spacing -  5D 










Figure J. 16 Quantitative assessment of sensitivity, ^, affecting the changes of the pile head 
lateral deflection, yt due to the changes of angle of internal friction, <j) for pile member C (second 
trailing row) of group of 3x3 piles with length L = lOT = 22.9 m and spacing = 5D subjected to 
variable lateral forces imder free head condition.
340
Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.
s  10
Figure J.l 7 Quantitative assessment of sensitivity, , affecting the changes of the pile head
lateral deflection, yt due to the changes of coefficient of lateral earth pressure ofRankine active 
type, Ka for pile member C (second trailing row) of group of 3x3 piles with length L = lOT = 22.9 







Figure J.18 Quantitative assessment of sensitivity, Wj,̂  , affecting the changes of pile head
lateral deflection, yt due to changes of modulus of subgrade reaction, k for pile member C 
(second trailing row) of group of 3x3 piles with length L = lOT = 22.9 m and spacing = 5D 
subjected to variable lateral forces under free head condition.
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Figure J. 19 Relative sensitivity factor, , affecting the changes of the pile head lateral
deflection, yt due to the changes of the bending stiffness of the pile, El for pile member C (second 
trailing row) of group of 3x3 piles with length L = lOT = 22.9 m and spacing = 5D subjected to 
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Figure J.20 Relative sensitivity factor, R^^, affecting the changes of the pile head lateral
deflection, yt due to the changes of the width of the pile, b for pile member C (second trailing 
row) of group of 3x3 piles with length L = lOT = 22.9 m and spacing = 5D subjected to variable
lateral forces under free head condition.
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Figure J.21 Relative sensitivity factor, , affecting the changes of the pile head lateral
deflection, yt due to the changes of the submerged unit weight of soil, y' for pile member C 
(second trailing row) of group of 3x3 piles with length L = lOT = 22.9 m and spacing = 5D 
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Figure J.22 Relative sensitivity factor, R^^, affecting the changes of the pile head lateral 
deflection, yt due to the changes of the angle of internal friction, (j) for pile member C (second 
trailing row) of group of 3x3 piles with length L = lOT = 22.9 m and spacing = 5D subjected to 
variable lateral forces under free head condition.
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Figure J.23 Relative sensitivity factor, , affecting the changes of the pile head lateral
deflection, yt due to the changes of the coefficient of lateral earth pressure ofRankine active type, 
Ka for pile member C (second trailing row) of group of 3x3 piles with length L = lOT = 22.9 m 
and spacing = 5D subjected to variable lateral forces under free head condition.
Figure J.24 Relative sensitivity factor, Rĵ  ̂, affecting the changes of the pile head lateral
deflection, yt due to the changes of the modulus of subgrade reaction, k for pile member C 
(second trailing row) of group of 3x3 piles with length L = lOT = 22.9 m and spacing = 5D 
subjected to variable lateral forces imder free head condition.
344
Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.
APPENDIX K
Sensitivity analysis of top lateral displacement 8yt for pile member C (second 
trailing row) of groups of 3x3 free head piles with length L=10T and spacing = 3D 
subjected to lateral forces of cyclic type that generate the plastic flow phase in p-y
curve in the vicinity of soil surface
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Figure K. 1 External force F g v s . generated top lateral deflection for free head group pile of 
length L = lOT = 22.9 m with comparison to single pile subjected to lateral force in the plastic
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Figure K.2 Force Fqi of pile member C (second trailing row), B (first trailing row) and A 
(leading row) generating unit force on corresponding row of group of 3x3 piles with length L  ̂
lOT = 22.9 m and spacing = 3D vs. applied lateral force Fq under free head condition.
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Figure K.3 Bending moments of primary structure for pile member C (second trailing row) of 
group of 3x3 piles with length L = lOT = 22.9 m and spacing = 3D subjected to variable lateral
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Figure K.4 Lateral deflections of primary structure for pile member C (second trailing row) of 
group of 3x3 piles with length L = lOT = 22.9 m and spacing = 3D subjected to variable lateral
forces under free head condition.
347




















0.5 1 1.5 2 2 .5
Beodinf niflmeals (kt'I -m)
Figure K.5 Bending moments of adjoint structure for pile member C (second trailing row) of 
group of 3x3 piles with length L = lOT = 22.9 m and spacing = 3D subjected to unit force on 
corresponding row under variable lateral forces with free head condition.
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Figure K.6 Soil resistance of adjoint structure for pile member C (second trailing row) of group 
of 3x3 piles with length L = lOT = 22.9 m and spacing = 3D subjected to unit force on 
corresponding row under variable lateral forces with free head condition.
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Figure K.7 Distributions of sensitivity integrand, Pgĵ  , affecting the changes of the pile head
lateral deflection, yt due to the changes of bending stiffiiess of the pile, El for pile member C 
(second trailing row) of group of 3x3 piles with length L = lOT = 22.9 m and spacing = 3D 
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Pjj ̂  , affecting the changes of the pile headFigure K.8 Distributions of sensitivity integrand,
lateral deflection, yt due to the changes of the width of the pile, b for pile member C (second 
trailing row) of group of 3x3 piles with length L = lOT = 22.9 m and spacing = 3D subjected to 
variable lateral forces under free head condition.
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FFigure K.9 Distributions of sensitivity integrand, , affecting the changes of the pile head
lateral deflection, y, due to changes of submerged unit weight of soil, y' for pile member C 
(second trailing row) of group of 3x3 piles with length L = lOT = 22.9 m and spacing = 3D 
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Figure K.IO Distributions of sensitivity integrand, , affecting the changes of the pile head 
lateral deflection, y, due to the changes of the angle of internal friction, (j) for pile member C 
(second trailing row) of group of 3x3 piles with length L = lOT = 22.9 m and spacing = 3D 
subjected to variable lateral forces under free head condition.
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Figure K. 11 Distributions of sensitivity integrand, , affecting the changes of the pile head
lateral deflection, yt due to the changes of the coefficient of lateral earth pressure of Rankine 
active type, Ka for pile member C (second trailing row) of group of 3x3 piles with length L = lOT 
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Figure K.12 Distributions of sensitivity integrand, , affecting the changes of the pile head
lateral deflection, yt due to the changes of modulus of subgrade reaction, k for pile member C 
(second trailing row) of group of 3x3 piles with length L = lOT = 22.9 m and spacing = 3D 
subjected to variable lateral forces under free head condition.
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Figure K. 13 Quantitative assessment of sensitivity, Wgj ,̂ affecting the changes of the pile head
lateral deflection, yt due to the changes of bending stiffness of the pile, El for pile member C 
(second trailing row) of group of 3x3 piles with length L = lOT = 22.9 m and spacing = 3D 
subjected to variable lateral forces under free head condition.
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Figure K.14 Quantitative assessment of sensitivity, , affecting the changes of the pile head
lateral deflection, yt due to the changes of the width of the pile, b for pile member C (second 
trailing row) of group of 3x3 piles with length L = lOT = 22.9 m and spacing = 3D subjected to 
variable lateral forces under free head condition.
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Figure K.15 Quantitative assessment of sensitivity, , affecting the changes of pile head
lateral deflection, yt due to changes of submerged unit weight of soil, y' for pile member C 
(second trailing row) of group of 3x3 piles with length L = lOT = 22.9 m and spacing = 3D 
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Figure K.16 Quantitative assessment of sensitivity, , affecting the changes of the pile head
lateral deflection, y, due to the changes of angle of internal friction, (j) for pile member C (second 
trailing row) of group of 3x3 piles with length L = lOT = 22.9 m and spacing = 3D subjected to 
variable lateral forces under free head condition.
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Figure K.17 Quantitative assessment of sensitivity, , affecting the changes of the pile head
lateral deflection, yt due to the changes of coefficient of lateral earth pressure of Rankine active 
type, Ka for pile member C (second trailing row) of group of 3x3 piles with length L = lOT = 22.9 
m and spacing = 3D subjected to variable lateral forces under free head condition.
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Figure K.18 Quantitative assessment of sensitivity, , affecting the changes of pile head
lateral deflection, yt due to changes of modulus of subgrade reaction, k for pile member C 
(second trailing row) of group of 3x3 piles with length L = lOT = 22.9 m and spacing = 3D 
subjected to variable lateral forces under free head condition.
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Figure K.19 Relative sensitivity factor, Rgj, affecting the changes of the pile head lateral
deflection, yt due to the changes of the bending stiffness of the pile, El for pile member C (second 
trailing row) of group of 3x3 piles with length L = lOT = 22.9 m and spacing = 3D subjected to 
variable lateral forces under free head condition.
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Figure K.20 Relative sensitivity factor, R^^, affecting the changes of the pile head lateral
deflection, yt due to the changes of the width of the pile, b for pile member C (second trailing 
row) of group of 3x3 piles with length L = lOT = 22.9 m and spacing = 3D subjected to variable
lateral forces under free head condition.
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Figure K.21 Relative sensitivity factor, , affecting the changes of the pile head lateral
deflection, y, due to the changes of the submerged unit weight of soil, y' for pile member C 
(second trailing row) of group of 3x3 piles with length L = lOT = 22.9 m and spacing = 3D 
subjected to variable lateral forces under free head condition.
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Figure K.22 Relative sensitivity factor, R^^, affecting the changes of the pile head lateral 
deflection, yt due to the changes of the angle of internal friction, <j) for pile member C (second 
trailing row) of group of 3x3 piles with length L = lOT = 22.9 m and spacing = 3D subjected to 
variable lateral forces under free head condition.
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Figure K.23 Relative sensitivity factor, , affecting the changes of the pile head lateral
deflection, yt due to the changes of the coefficient of lateral earth pressure of Rankine active type, 
Ka for pile member C (second trailing row) of group of 3x3 piles with length L = lOT = 22.9 m 
and spacing = 3D subjected to variable lateral forces under free head condition.
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Figure K.24 Relative sensitivity factor, R|̂  ̂, affecting the changes of the pile head lateral
deflection, yt due to the changes of the modulus of subgrade reaction, k for pile member C 
(second trailing row) of group of 3x3 piles with length L = lOT = 22.9 m and spacing = 3D 
subjected to variable lateral forces under free head condition.
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